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Sovereign debt and default

1 Introduction
A perrenial theme in international macro is the issue of sovereign default.

The Eurozone is now focused on weighing whether to try to roll over Greek debt,
forgive it, or let it default and, probably, exit from the currency area. In 2010,
the same currency area faced sovereign defaults in Ireland and Portugal. And
in 2012 it was the turn of Cyprus. But there have been many more in recent
times. This phenomena has produced a large literature investigating the factors
driving sovereign borrowing and default. This lecture is a short introduction to
that literature. It’s lifted from material prepared by Uribe. As he indicates in
his manuscript, the material also derives from Obstfeld and Rogoff’s textbook.
For myself, I much preferred Uribe’s treatment. NB the notes here do not span
the material in the slides on the empirics of default and other issues. They do
cover Uribe’s presentation of a formal model of reputation in sovereign default.
That material won’t be examined. You will need to get the general idea that
reputation is a way to encourage commitment in sovereign debt situtations. In
that one can think of the loss of a reputation as a kind of self-imposed sanctions.

2 Sovereign default with commitment
We imagine a small endowment economy populated by a risk-averse repre-

sentative agent, borrowing from a large rest of world populated by a risk-neutral
lender. The lender faces no opportunity cost of funding, so we can neglect how
that affects the consumption smoothing that agents will want to do. The small
economy has a random endowment:

ys = y + es

We assume, for simplicity, that there are a finite number S > 1 states. Each
state occurs with probability πs.

The small economy seeks insurance against fluctuations in its endowment in
the form of a contract that pays ds in state s.

On average, the insurance contract should mean zero payments.

S∑
s=1

πsds = 0

So sometimes the contract will mean our small economy sending payments
to the creditors, and sometimes payments will go from the ‘creditors’ to our
small economy. We put ‘creditor’in brackets because this is not a straight loan
like a regular government bond. On the face of it those are meant to be paid
back come what may. [An exercise to discuss how unrealistic this assumption
is]. Notice that we invoke that there is no opportunity cost of funds, or cost
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of administering the contract here. Otherwise in expectation payments by the
‘borrower’would have to equal those costs, not zero.
The representative household in the small economy seeks to:

max

S∑
s=1

πsu(cs)

This maximisation is subject to a set of budget constraints that will hold in
each state.

cs = y + es − ds,∀s

This maximisation is to be done by choice of a set of ds, s = 1....S.
We begin by assuming that the borrower can commit to paying regardless

of the endowment state. When the state is bad, and the endowment is low,
the debt contract will pay money to the borrower. So there is no problem
committing then, as they borrower has no incentive to refuse payment. But
when the state is good, and a payment would be due to the lender, then there
will be an incentive to renege. For now this problem is ignored.
The Lagrangian for the design of the debt contract is as follows:

L =

S∑
s=1

πs[u(y + es − ds) + λds]

The first term in the brackets is the utility of consumption, with consumption
substituted out using the state by state budget constraint. The second term is
the constraint that the debt payments must in expectation sum to zero, with the
corresponding Lagrange multiplier attached to it. Notice how the Lagrangian
is a weighted average of equivalent terms for each state, where the weights are
the probability of being in each state. [Thus the household maximises expected
utility].
We differentiate the Lagrangian with respect to each of the ds choices, thus:

dL

dds
= 0⇒ −πsu′(cs) + πsλ = 0

⇒ u′(cs) = λ

This result is important. It says that the marginal utility of consumption
is constant, and does not depend on the state, since it just depends on the
Lagrange Multiplier, which itself does not depend on the state. Since the
marginal utility of consumption is constant across states, so is consumption.
So at the optimum, our representative household pushes all of the uncertainty
caused by the endowment onto the insurance provider, the lender.
In fact:
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cs = y

ds = es

With commitment, as we have assumed here:

dds
des

= 1

3 No commitment
Assuming commitment begs the question what would enforce it, and how we

reconcile the model with repeated episodes of default. We will see that without
commitment:

dds
des

= 0

We can see this without any further algebra. Suppose that the borrower
can’t commit. Then the only values for the debt payment that would not be
reneged on are those that mean a payment flow from lender to borrower, or no
payment at all. In the language of the literature, the only incentive-compatible
payments are those that satisfy:

ds ≤ 0,∀s

Yet, from the insurer/lender’s perspective, the contract still has to satisfy
the constraint that payments are zero on average. The only payment that
can satisfy both of these constraints is the schedule that means debt payments
are zero regardless of the state. In this case the borrower has no access to
insurance, and consumption is forced to fluctuate with the endowment one for
one. Thus we have reasoned our way to the conclusion that with no commitment
the derivative of the debt payment wrt the endowment shock is zero.

4 The blessing of sovereign debt with creditor sanctions
In real life, perhaps we could imagine that the creditor body can impose

sanctions of some kind on a borrower that refuses to abide by a promise encoded
in the debt contract. Suppose in our simple model we assume that the creditor
levies sanctions k if the borrower defaults. In this case, the debt payments are
incentive compatible - that is, once signed, the borrower will have an incentive
to abide by them - provided:

ds ≤ k

The Lagrangian for the representative borrower is now modified to take
account of this extra constraint:
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L =

S∑
s=1

πs[u(y + es − ds) + λds + γs(k − ds)]

Note the contrast between the state-contingent multiplier on the new incen-
tive compatability constraint, and the non-state-contingent multiplier on the
constraint imposed by the zero profit condition faced by the insurance provider.
The reason for this is that the constraint imposed by the zero profit condition
for the lender is a single constraint that must hold in expectation across all
states.
Now when we differentiate wrt the debt payments we find:

dL

dds
= 0⇒ u′(cs) = λ− γs

The other two conditions that must hold [invoking the mathematics of the
Kuhn Tucker theorem] at the optimum are:

γs ≥ 0

γs(k − ds) = 0

The first of these conditions leaves it open whether the marginal utility of
consumption is constant or not. There is a part that is constant, a funcion of
λ, the multiplier on the lender’s zero profit constraint; and a part that depends
on the state contingent multipler on the borrower’s incentive compatability con-
straint.
We see that it is possible for γs to be equal to zero. In this case, for γs(k−

ds) = 0 means that the debt payment can be less than the sanctions imposed
by the creditors, ie ds < k. In this case the marginal utility of consumption is
constant and therefore unrelated to the endowment shock, and some insurance
benefits are lost.
In this new world with creditor sanctions, we can say that the debt payment

will therefore be as follows:

ds = d+ es, es < e

ds = k, es ≥ e

Here, e is not the mean of the endowment, but the smallest level of the
endowment for which the incentive compatability constraint binds.
The debt payment varies with the endowment, provided it is not too positive,

in which case the borrower would rather renege and not pay ds and instead
suffer sanctions k; if the endowment is very positive, the debt payment is
simply flat at k. And since consumption equals the mean endowment plus the
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debt payment, consumption inherits the invariance of the debt contract in good
states. e is some cutoff value of the endowment, to be determined.
Uribe shows, in a variant of the model in which the number of states tends

to infinity, that we know that:

d+ e = k [1]

We will not go into this proof, but instead take this on faith. Uribe goes
on to prove that if [1] above is true, then d > 0. Remember a positive d means
a payment to the insurer from our representative agent. So this is not good!
It implies that our representative agent, [or the sovereign ‘borrower’], operating
under no commitment, but in the presence of sanctions, enjoys less insurance
than the full commitment case. Why is this the case? When the endowment
shock es is large and negative, our representative agent receives a smaller sum
d+es than the sum es that they would get under the commitment/full insurance
regime.
Let’s now go through Uribe’s proof that the constant part of insurance con-

tract is positive.
We can write the zero average payments condition that lenders impose as:∑

es<e

πs(d+ es) +
∑
es≥e

πsk = 0

This expression splits the summation across the states 1....S which, recall,
were ordered in increasing order of the size of the endowment shock, into a part
that sums up for all states less than e and a part that sums up for all parts
greater. Just as before, we are summing the debt payments ds but we are using
the fact that below e the payment is ds = d+es and above it, the debt payment
is simply k. As before, the zero on the RHS is there because the lenders must
make sure that in expectation they do not lose any funds.
Substitute out for d+ e = k in the RHS term and we get:∑

es<e

πs(d+ es) +
∑
es≥e

πs(d+ e) = 0

We can now collect terms in d by pulling this out of the two-part-probability-
weighted sum. The probabilites of course sum to 1, meaning that we have 1 ∗d
in total:

d+
∑
es<e

πses +
∑
es≥e

πse = 0 [1]

It turns out that this can be written as:

d−
∑
es≥e

πs(es − e) = 0 [2]

To see how we made this step, expand [2]:
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d−

∑
es≥e

πses −
∑
es≥e

πse

 = 0

⇒ d−
∑
es≥e

πses +
∑
es≥e

πse = 0

So the assertion required for [2] to follow from [1] is:∑
es<e

πses = −
∑
es≥e

πses

And this follows from the assumption made at the outset that the stochastic
endowment e has mean zero. [Note that e is NOT the mean of e, this is the
cutoff value of the endowment for which the incentive compatability constraint
of the borrower binds, ie the point at which he or she prefers to default].
From [2]:

d =
∑
es≥e

πs(es − e)

It’s clear that d > 0 because all the terms in the sum on the RHS involves
values for which e < es ie the RHS is positive [obviously the probability values
multiplying them, πs are positive]. For the element of the RHS sum corre-
sponding to values where es = e obviously the RHS is 0. So we can guarantee
that the RHS>0 and therefore that the constant part of the debt contract is
positive.
[Note, and to repeat: that without discussing this, we have used the assump-

tion that the debt contract is continuous in the endowment. This can be shown
to be true, and Uribe goes through the derivation in detail. But that will not
be examinable and we will not cover it in the course.]
We began by observing that dds

des
= 0 for the case of no commitment/no

insurance, and dds
des

= 1 for the case of full commitment/full insurance. Here it
has turned out that:

dds
des

= 0, es ≥ e

dds
des

= 1, es < e

If the endowment is too large, then the debt payment due to the creditor
is too big to be worth paying, as creditors can only impose sanctions k in the
event of default, and it is therefore better to default. So above a certain point
the debt payment does not fluctuate with the endowment. However, provided
the payment is suffi ciently small, meaning the endowment is suffi ciently small,
the debt payment varies with the endowment.
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If the creditors are weak, and cannot impose significant sanctions, then e =
e1 and dds

des
= 0,∀es. Conversely, if they are very strong, and can take away

all the borrower’s country endowment, then dds
des

= 1,∀es. The greater the cost
that sanctions impose on the borrower, the more positive the endowment shock
can be before there is an incentive for the borrower to renege and not abide by
the terms of the insurance contract and pay the required amount ds. Therefore
higher sanctions costs enlarges the region for which the insurance payment moves
one for one with the endowment. This reduces risk for our representative agent
in the small, borrowing economy, and increases utility [since we have assumed,
as normal, that utility curvature is such that volatile consumption is less nice
than smooth consumption].
We arrive at the apparently paradoxical result that the more the creditor can

inflict harm on the borrower [ex post], the more the contract that can emerge
under optimality is one that provides for insurance, thus leaving the borrower
better off. [It’s an exercise for you to comment on the relation between this
result and recent events in Greece]. [And an exercise for you to think about
the model as a whole and what it might have to say about the disappearence
and then re-emergence of gaps between the bond prices of core and peripheral
countries in the Eurozone].

5 Sovereign debt and reputation

NB this material will NOT be examined, except for expecting you to ac-
knowledge the common-sense intuition that the loss of a reputation can serve,
in the same way as a creditor sanction, as a way to encourage the borrower to
stick to its promises. Two reasons for not examining this are: i) it’s hard and
ii) I am as yet not able to entirely reproduce Uribe’s derivations, although his
final results make economic sense. If you are curious, have a look, and tell me if
you see a mistake in my maths. But otherwise, stop here and go to the reading
list instead and try to digest some of the other literature on sovereign debt.
One facet of real life we have missed is that sovereign borrowing happens

over and over. And behaviour in one round can influence outcomes in another.
Lenders can learn something about the likelihood of being repayed from earlier
encounters with the borrower. In other words the borrower can acquire a
reputation. A reputation for good behaviour can serve as a device to keep
the borrower committed to paying back. Without it, the borrower will find
borrowing costly or impossible.
The previous model only incorporated two periods. A period 0 when con-

tracts were signed, and one period where the endowment shock is realised, and
the borrower decides whether to renege or not. Obviously to model reputation
we cannot do with only 2 periods, as there needs to be at least one more period
for i) the borrower to weigh the consequences for a future borrowing attempt
of reneging today and ii) for the lender to react in a future contract-writing to
what happened in some earlier contract respecting/reneging incident.
Accordingly, we model the small economy populated by a representative

household as maximising expected utility over an infinite horizon:
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U =

∞∑
t=0

βt
S∑
s=1

πsu(cs)

Notice the additional sum over states. In previous lectures we have covered
examples just like this, when we had continuous shocks and we simply wrote
down the expectations operator E to signify the ‘summing’or in fact integration
over the different outcomes.
Reputation is captured by the fact that the borrower will be excluded from

the market forever more if a debt contract is reneged on. [An exercise to
comment on the realism here].
The debt contract will be signed before period 0, stipulates payments for

every state s = 1...S, stipulates payments for each state that do not depend
on time t (so you get the same compensation for a disaster if it occurs today
or tomorrow), and must be such, if it is to satisfy incentive compatability [ie
not be reneged on], that the benefits of not defaulting and being able to borrow
in the future dominate those of defaulting and not being able to borrow ever
again.
We represent the new incentive compatability constraint formally, thus:

u(y + es − ds) +
β

1− β

S∑
s=1

πsu(y + es − ds) ≥ u(y + es) +
β

1− β

S∑
s=1

πsu(y + es)

The LHS has two terms. u(y + es − ds) is the utility to be got today from
adhering to the debt contract and consuming what is possible given the budget
constraint. The second term features the expected value of paying back the

debt again in the future, weighted across all future states:
S∑
s=1

πsu(y+ es− ds).

This is multiplied by β
1−β because this expected utility from each period will

be availabe in each and every period in the future. So it is in fact a constant
multiple entering an infinite sequence involving the discount rate β. It therefore
arises from computing:

β

S∑
s=1

πsu(y + es − ds) + β2
S∑
s=1

πsu(y + es − ds) + ...

...+ βn
S∑
s=1

πsu(y + es − ds) + ...

Or, taking outside the sum the constant multiple of each term,
S∑
s=1

πsu(y +

es − ds) :
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S∑
s=1

πsu(y + es − ds)[β + β2 + ...βn + ...]

=

S∑
s=1

πsu(y + es − ds).
∞∑
t=1

βt

=

S∑
s=1

πsu(y + es − ds).
β

1− β

Where the last term β
1−β on the RHS above comes, of course, from invoking

the old high school formula for an infinite, convergent geometric series, which
holds provided β < 1, which applies here for common sense and realistic values
of time preference.
The expression to the right hand side of the inequality in the new incentive

compatability constraint is the same as the one on the LHS, but without the
debt payments. So the RHS expresses the utility to be got form not respecting
the debt payment, but also never adhering/benefiting from it in the future.
Now we turn to deriving optimal behaviour by the borrower. To do this we

form the Lagrangian. We have set this up so that it is a ‘stationary’problem,
[eg debt contracts pay the same regardless; decisions today [debt reneging aside]
have no consequences for the future eg no storage or capital accumulation] so
the Lagrangian is one that essentially serves to deliver static optimisation each
period:

L =

S∑
s=1

πsu(y + es − ds)

+λ

S∑
s=1

πsds

+

S∑
s=1

γs

[
u(y + es − ds) +

β

1− β

S∑
s=1

πsu(y + es − ds)− u(y + es)−
β

1− β

S∑
s=1

πsu(y + es)

]
.

To recap: the first term in the first line is the utility today from paying; the
second term [second line] reflects the zero profit condition of the lenders. [An
exercise to comment on why λ has no state subscript]. The third term on the
third line encodes the incentive compatability constraint. [Exercise to explain
the γs having superscript, and lack of probability weights].
Now we find the optimal set of debt payments d1....dS by differentiating the

Lagrangian with respect to all the ds’s as before and setting equal to zero. So
we find a set of S first order conditions:

dL

dd1
= 0,

dL

dd2
= 0, ...

dL

ddS
= 0.
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Differentiating the first two terms is straightforward, and this is familiar
from before:

d

dds

[
S∑
s=1

πsu(y + es − ds) + λ
S∑
s=1

πsds

]
= −πsu′(cs) + λπs

The derivative of the ICP constraint wrt the ds’s is a bit more involved.
Note that the second two terms that enter the Lagrangian due to the ICP

constraint don’t involve ds so:

d

dds

S∑
s=1

γs

[
u(y + es − ds) +

β

1− β

S∑
s=1

[πsu(y + es − ds)]− u(y + es)−
β

1− β

S∑
s=1

πsu(y + es)

]

=
d

dds

S∑
s=1

γs

[
u(y + es − ds) +

β

1− β

S∑
s=1

πsu(y + es − ds)
]

The double summation looks confusing at first sight, but we can see how to
differentiate this by taking a single value for s, say s = 1, and expanding out
the sums.

d

dd1

S∑
s=1

γs

[
u(y + es − ds) +

β

1− β

S∑
s=1

πsu(y + es − ds)
]

= γ1[u(y + e1 − d1) +
β

1− β

S∑
s=1

πsu(y + es − ds)] +

γ2[u(y + e2 − d2) +
β

1− β

S∑
s=1

πsu(y + es − ds)] + ...

+...γS [u(y + eS − dS) +
β

1− β

S∑
s=1

πsu(y + es − ds)]

From this it should be clear that the derivative with respect to d1 for example
is given by:

d

dd1
= −γ1u′(c1) + π1.u′(c1)

β

1− β

S∑
s=1

γs

Thus there are a set of S identical first order conditions of the following form,
since the above holds not just for s = 1 but for any value of the endowment
state s,recalling that we add in the derivative of the first two less problematic
terms from earlier:

dL

dds
= −πsu′(cs) + λπs − γsu′(cs) + πs.u′(cs)

β

1− β

S∑
s=1

γs = 0
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Solving for u′(cs) we get:

u′(cs)[πs + γs − πsu′(cs)
β

1− β

S∑
s=1

γs] = λπs

⇒ u′(cs) =
λ

1 + γs
πs
− u′(cs) β

1−β

S∑
s=1

γs

Note that at this point, the marginal utility of consumption (and therefore
consumption itself) can be seen to depend on the state, since the Lagrange
multipliers on the RHS γs depend on the state.
In equilibrium, at the optimum, the ‘complementary slackness condition’

obtaining in constrained optimisation also holds:

γs

[
u(y + es − ds) +

β

1− β

S∑
s=1

πsu(y + es − ds)− u(y + es)−
β

1− β

S∑
s=1

πsu(y + es)

]
= 0

In states where the ICP consraint is not binding, since the CS condition
must hold above, that means γs = 0. In which case optimal debt contracts
imply that the marginal utility of consumption is constant, since:

u′(cs) =
λ

1 + 0− 0
So we know that in this case consumption is constant across states and to

achieve this debt payments must compensate for the endowment shock, in which
case they are of the form:

ds = d+ es

We would like to study what happens when the ICP constraint is binding,
and to what extend the debt payment fluctuates with the endowment then, and
how that derivative compares with the other cases we studied, namely, with and
without commitment, and without commitment but with sanctions. So we are
looking for an expression for ddsdes

.
If the incentive compatability constraint on the borrower binds, then γs 6= 0

and:

[
u(y + es − ds) +

β

1− β

S∑
s=1

πsu(y + es − ds)− u(y + es)−
β

1− β

S∑
s=1

πsu(y + es)

]
= 0

Look at these terms, and the two involving the sums over states would not
change if we vary the endowment shock a little, say from some es to es+1,
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es+1 > es. In whatever state we are, a sum over all possible states is the same.
So, we can focus on the two terms that do not involve sums over states.
Letting:

f(.) = u(y + es − ds)− u(y + es) = 0
Then note that:

dds
des

=
df

des
.
dds
df

=
df

des
[1/

df

dds
]

Since:

dfs
des

= u′(y + es − ds)− u′(y + es)

df

dds
= −u′(y + es − ds)

Substituting in we have:

dds
des

= [u′(y + es − ds)− u′(y + es)] .
[

1

−u′(y + es − ds)

]
=

u′(y + es)− u′(y + es − ds)
u′(y + es − ds)

[This is -1* the expression in Uribe’s manuscript at the bottom of page 198].
Supposing that Uribe’s expression is correct [intuition tells us that it is], we

can deduce that:

0 <
dds
des

< 1

This is because the ICP constraint will only bind when our risk averse agent
[the ‘borrower’] is making a payment to the insurer/creditor, the risk-neutral
agent. [Why default if someone is paying you money?], ie ds > 0

In this region, because of the concavity of the utility function [marginal
utility rises as consumption falls]:

u′(y + es − ds)− u′(y + es) > 0
This is true because consumption is lower in the LHS term than in the

right, so the marginal utility of consumption is higher. Therefore, since the
denominator of ddsdes

is positive, and so is the numerator, so dds
des

as a whole is
positive.
What we have shown is that beyond the point at which the incentive com-

patability constraint binds, there is partial, but not full insurance. So rep-
utation - rather the feature that the borrower gets excluded from the market
if he or she reneges - delivers something of an intermediate case betwen the
commitment [full insurance] and no commitment [partial insurance] case.
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