
Birmingham MSc International Macro Autumn 2015
Lecture 5: time series tests of the intertemporal approach to the

current account in a small open economy

1 Introduction
We turn next to studying different ways to test the intertemporal approach

to the current account for a small open economy that we developed in lecture
4.
Doing this brings us back into the territory of multivariate time series econo-

metrics, just as we found when we looked at the classic Clarida-Gali paper that
(amongst other things) served as a test of the Dornbusch-Mundell-Flemming
model.
We have already encountered some broad-brush tests in the lecture on the

model itself. For example, we noted the stylised fact in the data that the current
account tends to improve in a recession, not worsen, as predicted by the version
of the model that had a stationary endowment process. And we have looked
at tests that revolve around the issue of the relative variance of consumption
and the endowment, motivated by the observation that in the data, for SOEs,
consumption tends to be more variable than output.
But in this lecture we go a bit deeper into the algebra of the model to develop

other explicit predictions it has about macro time series.
We are going to find that the model fails spectacularly, as many models of

this ilk do. But, as always, the point of the exercise is really to rehearse the
basic methodology of taking a microfounded model and discovering sharp and
testable predictions that we can take to data. The failure should not dishearten
us, because we can use it to inform how to modify and improve the model. And
we will see that this is how those who devised the test used it too.

These notes are derived heavily from Uribe’s treatment of it, as with much
of the material on this course, but it is also worth reading the original paper
that he works from, Nason and Rogers (2006). Both treatments are hard, and
it can help to get an understanding by seeing two slightly different accounts.
I have also included Campbell (1987) on the reading list. This is worth a

quick look because the test Nason and Rogers used is inspired by Campbell.
That paper uses a closed economy version of the test. It is the same idea. That
saving happens when income is high but forecast to be low, and vice versa.
Campbell is also the source of the modification of the basic test in Nason and
Rogers intended to cope with the fact that there may be serially uncorrelated
demand shocks, not allowed for in the original small open economy model that
we studied in lecture 4.
2 A test based on using a VAR to construct the infinite sequence

of output forecasts
The first way of testing the intertemporal SOE current account model is due

to Nason and Rogers (2006). .
Begin by recalling the definition of the current account:
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cat = yt − ct − rdt−1
And our analytical expression for consumption in terms of the stream of

current and expected future endowments:

ct = −rdt−1 +
r

1 + r
Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]
With a bit of algebra, [that you can confirm in an exercise], and by substitut-

ing the definition of the current account into this expression for consumption,
we can show that:

−cat(1 + r) = −yt + rEt

∞∑
j=1

[
yt+j

(1 + r)j

]
Now define:

∆xt+1 = xt+1 − xt
And, using a similar logic to the one we followed earlier in the notes, we can

show that:

−yt + rEt

∞∑
j=1

[
yt+j

(1 + r)j

]
= (1 + r)

∞∑
j=1

[
1

(1 + r)j

]
Et∆yt+j

⇒ cat = −
∞∑
j=1

[
1

(1 + r)j

]
Et∆yt+j [1]

It’s an exercise to confirm the first equality in the two equations above.
Ie, we borrow if we think output will rise over the future. Or we save if we

think it will fall, net.
Now, imagine a bivariate vector autoregression for this economy:

xt =

[
∆yt
cat

]
= Dxt−1 + et

In the same way we constructed arbitrary j periods ahead for a univariate
process, we can do the same for this bivariate process:

Etxt+j |Ht = Djxt

Ht is notation used to describe and encode all the information available at
time t to an econometrician, which in this case, is everything in xt. In words,
the left hand side of the equation above says ‘Expectations, taken at time t, of
x at some future period t + j, given the information contained in H at time t.
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[We don’t ever depart from rational expectations, so actually all the information
available to anyone, which the model says is relevant, is included in Ht].
If the SOE economy model is true, then it should indeed have this bivariate

reduced form VAR representation, and the j period ahead rational forecast will
indeed be given by the above formula.
Supposing this to be true, we can substitute in this VAR forecast formula

into the RHS of equation [1] above.
And when we do this we note that:

∞∑
j=1

[
1

(1 + r)j

]
Et∆yt+j = [1 0][I −D/(1 + r)]−1D/(1 + r)

[
∆yt
cat

]
[2]

Where does this formula come from?
Well, the inner two terms involving the VAR coeffi cient matrix D should jog

your memory. They represent the matrix equivalent of the infinite geometric
series. We also met this formula earlier in the course when we were deriving
long run VAR restrictions to test the Dornbusch-Mundell-Flemming model.
The [1 0] vector selects the first element, since this is where the foreast of

∆yt resides and needs to be picked out [we don’t need the forecast of the current
account: remember, the formula allows us to express the current account as an
infinite sequence of future forecasts.
Let’s write down a few terms of this infinite sequence of foreasts:

[1 0]
1

1 + r
D

[
∆yt
cat

]
+ [1 0]

1

(1 + r)
2D

2

[
∆yt
cat

]
+ ...

...+ [1 0]
1

(1 + r)
3D

3

[
∆yt
cat

]
+ ...+ [1 0]

1

(1 + r)
j
Dj

[
∆yt
cat

]
+ ...

[
∆yt
cat

]
is the common factor in this infinite sequence, so we can obviously

take it out. Then we have a sequence beginning with 1
1+rD and where each term

is obtained by multiplying the previous one by 1
1+rD. So our matrix infinite

sequence sum is given by a formula like A∗[I−K], where I , the identity matrix,
is the matrix equivalen of the 1 in a/(1− k) for the univariate formula, and the
matrix factor K (here 1

1+rD) plays the same role as the k. The matrix inverse
operator plays the same role as ‘dividing by’in the univariate example. That’s
an explanation of where the RHS of [2] above comes from.

Let the matrix formula multipying the data vector
[

∆yt
cat

]
be given by:

F = [1 0][I −D/(1 + r)]−1D/(1 + r)

Obviously, we know that in reality, whatever model actually characterises
the data, whether it’s the SOE model, or something else:
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cat = [0 1]

[
∆yt
cat

]
So, if we estimate the bivariate VAR above, and we get hold of estimates

therefore of D, D̂ we should find that −F = [0 1]. (The minus sign comes from
remembering that equation [1] above had the current account equal to minus
the infinite sequence sum).
Nason and Rogers don’t estimate a VAR(1) because typically one finds that

time series data have richer dynamics that require more lags than this to fit the
data well. But there is an equivalent slighly more general matrix series sum
that applies in that case, although you won’t need to know about it. When
they investigate, they find the data strongly reject the SOE model, ie the corre-
sponding D’s lead to a violation of −F = [0 1]. This is not very surprising, as
we have a very simple model. We assumed that there was an exogenous out-
put endowment, instead of output coming from production. And we assumed
that there was no investment and capital accumulation. We assumed only one
shock, to the endowment, ie no monetary policy, or fiscal policy shocks. In fact
there is no monetary or fiscal policy at all, and we have flexible prices. It woudl
be very surprising indeed if the model wasn’t rejected.

3. A test based on the relation [in fact an orthogonality condition]
between one period ahead forecasts of the current account and output
Nason and Rogers tease out a second prediction of the SOE current account

model.
Recall that:

cat = −
∞∑
j=1

[
1

(1 + r)j

]
Et∆yt+j

This expression says ‘national saving will be equal to the infinite stream of
future income...’.
From that equation above it follows that:

Etcat+1 − (1 + r)cat − Et∆yt+1 = 0 [1]

You are asked to confirm in an exercise. It’s just mind-numbing algebra, so
we won’t go through it. But use the RHS of the above to substitute out where
you can for terms in cat or related variables.

We can construct the LHS of [1] above using the bivariate VAR, recalled
again here for convenience:

xt =

[
∆yt
cat

]
= Dxt−1 + et

So, using the VAR to express each term in turn:
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Etcat+1 = [0 1]Dxt

−(1 + r)cat = −[0 1](1 + r)Ixt

−Et∆yt+1 = −[1 0]Dxt

If we now construct a new variable, using the VAR-based terms, to replicate
the LHS of [1] above, and call it Gt :

Gt = [0 1]Dxt − [0 1](1 + r)Ixt − [1 0]Dxt

[1] points out that this variable [which is a sum including two expectations]
should be zero at all times. This is of course likely to fail in a real life data
set, but nevertheless we should find that the LHS construct is not related to
xt or past values of it [which would be inside the agents’information set when
the expectations terms were set], and we test this by regressing the VAR-based
construct G on xt and its lags, and say the model passes if we get coeffi cients
of 0.
Nason and Rogers do this and the test fails miserably.

4. Modifying the one-period-ahead forecast test to accommodate
demand shocks
As Uribe notes, however, [using Nason and Rogers, who in turn trace the

insight back to Campbell] the restriction in [1] above is not valid in a version of
our SOE model that features demand shocks.
Recall that the only shock we have is a shock to the exogenous endowment,

which is to be thought of as a supply shock. Each period, the representative
consumer gets an endowment, which changes in value due to the shock. This is
an abstraction of some production process that we don’t model, where something
happens to the processes used by firms that means that some periods they
produce more [and can pay the consumer more income] and some periods less.
A common analogy is to think of our representative consumer owning a fruit
tree that requires no work to cultivate it. Sometimes the sun shines a lot and
the tree produces a lot of nice fruit. Sometimes it does not, and produces very
little fruit. These changes cause changes in demand, but they originate on the
supply side of this simple imaginary economy. If we thin of a shock originating
on the demand side, the orthoganality test constructed above is not valid.
Recall that we assumed consumers had quadratic utility around a bliss point:

u(c) = −0.5(c− c)

However, if instead we assume:

u(c) = −0.5(c− (c+ µt))

Where µt is a serially uncorrelated demand shock, then the LHS we com-
puted before is now equal to this demand shock, ie:
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Etcat+1 − (1 + r)cat − Et∆yt+1 = µt [2]

We will go through in detail where this modified relationship comes from
later, but for now take it to be true.
If the world is like this, then our regression based test using the orthogonality

condition [1] will fail. The LHS now equals the demand shock [as 2 indicates].
Since the demand shock will drive consumption, it will also drive output [and
the current account]. So when we regress the VAR-based version of the LHS on
contemporaneous values of output we will get non-zero coeffi cients even though
the model is true. Since the LHS is correlated with the demand shock, in other
words, it will be correlated with contemporaneous output.
However, a modified version of the test is based on the following idea.
Take expectations of the LHS and the RHS conditional on t−1 information.
This produces:

Et−1[Etcat+1 − (1 + r)cat − Et∆yt+1] = Et−1[µt]

Using the law of iterated expectations, and remembering that since the de-
mand shock is serially uncorrelated Et−1[µt] = 0, we can write:

Et−1cat+1 − (1 + r)Et−1cat − Et−1∆yt+1] = 0

Our LHS variable we construct using VAR-based forecasts again, but this tiem
these forecasts are given by:

Et−1cat+1 = [0 1]D2xt−1

−(1 + r)Et−1cat = −[0 1](1 + r).I.Dxt−1

−Et−1∆yt+1 = −[1 0]D2xt−1

The terms in the square of D appear of course becase we are forecasting 2
periods ahead in that case.
We call the sum of these terms Gt:

Gt = [0 1]D2xt−1 − [0 1](1 + r).I.Dxt−1 − [1 0]D2xt−1

And regress this on xt−1 or earlier dated versions of this vector, then if the
model is true, we should get regression coeffi cients of zero.
Unfortunately for the model, Nason and Rogers show that the data also

reject this test too, very strongly indeed. Have a look at the paper itself to see
just how strongly the model is rejected. The paper explores ways of moving
the model closer to the data, and makes some progress.
Thus far we took [2], the revised version of the orthogonality condition [1],

modified for the inclusion of a serially uncorrelated demand shock, as a given.
So we conclude by working through the algebra that justifies [2].
Recalling the steps we went through before, this involves
i) rederiving the Euler Equation for consumption;
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ii) using the Euler Equation to eliminate terms in forecast consumption from
the infinite period resource constraint;
iii) using ii) to get an expression for the current account;
iv) finally, using iii) to substitute in for the terms in [2] above.
First, executing i) it’s straightforward [and an exercise for you] to show that

the Euler Equation is given by:

ct − µt = Etct+1

Second, turning to ii) have in mind that our next task is to eliminate the
terms in forecast consumption from this expression for the infinite period re-
source constraint:

(1 + r)dt−1 = Et

∞∑
j=0

[
yt+j − ct+j

(1 + r)j

]
[1]

And, working towards that, we can, by experimentally leading the Euler
Equation many times, taking expectations, and using the law of iterated expec-
tations, infer that:

ct − µt = Etct+j [2]

[Another exercise to confirm this].
If we substitute [2] into [1] above then we get this expression:

(1 + r)dt−1 = Et

∞∑
j=0

[
yt+j

(1 + r)j

]
− (ct − µt)

∞∑
j=0

[
1

(1 + r)j

]
− µt [3]

[Confirm for yourself in an exercise].
[3] above implies that:

(1 + r)dt−1 = Et

∞∑
j=0

[
yt+j

(1 + r)j

]
− 1 + r

r
(ct − µt)− µt

(Using the formula for the second infinite sum on the RHS].
Now we execute iii), getting an expression for the current account.
Using the current account definition:

cat = yt − ct − rdt−1
We can get a revised expression for the current account for our new model

with demand shocks:

cat = yt −
1

(1 + r)
µt −

r

(1 + r)
Et

∞∑
j=0

[
yt+j

(1 + r)j

]
[Confirm in an exercise that this is true].
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Now, using a result we confirmed earlier in the description of this model, we
can note that [4] implies:

cat = − 1

(1 + r)
µt − Et

∞∑
j=1

[
∆yt+j

(1 + r)j

]
[5]

Our remaining task is iv) to use this equation for cat to confirm that:

Etcat+1 − (1 + r)cat − Et∆yt+1 = µt [6]

To do this, we simply take [5] above, lead it, taking expectations at t, then
subtract (1 + r) times [4], subtract Et∆yt+1, and confirm that the answer is
µt. This of course turns out to be correct, bt you are asked in an exercise to
confirm.
We are done. Recall that the point of this was to demonstrate that the

LHS of [6] above was not uncorrelated with things dated t. The importance of
working this out was to demonstrate that if we neglect demand shocks, we will
find that the regression test of the model fails and conclude the model is wrong,
when it’s actually correct. Instead the regression test has to be modified to test
orthoganality with respect to variable dated t and earlier. And, as we already
stated above, it fails that test too.
Recapping on the whole exercise, and a final remark about rational expecta-

tions. We used the model to derive two tight predictions relating combinations
of model-based forecasts. These combinations all have their origin in the insight
that in the SOE [and in fact the closed economy that preceeded it] consumption
is based on permanent [ie future] income. That insight in turn comes from
working out the infinite period budget constraint from the period by period
budget constraint. Tests were executed by estimating a VAR in the two vari-
ables that the model says are relevant, the current account and the growth of
output. We then use the VAR to construct infinite future forecast sums using
matrix versions of those high-school formulae for infinite geometric series. The
model always fails, and pretty badly [an exercise for you to go back to Nason
and Rogers and report about this]. But we rehearsed at least the process how
researchers use the test to try to improve the model and bring it closer to the
data, echoing one of the drivers of macroeconomic theory generally. [Or rather
echoing the bit of it that is healthy. Some argue that some macro theorists
don’t do this, or don’t pay enough attention to the data, or when they do, don’t
do it scientifically enough].
Note that the tests invoke rational expectations. The infinite period ahead

sum of future income is a forecast, and a rational one. Using a time-invariant
parameter VAR to construct data based versions of these model forecasts also
rules out versions of non-rational expectations that describe how agents’fore-
casts might evolve over time as new data comes in and causes them to mod-
ify and adapt the old ones. For example, under models which assume that
agents use least-squares learning to construct forecasts, the model will not have
a constant-parameter VAR representation. This thought occurred to me when
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I was preparing and researching the lectures, and I am working this up into a
research idea. If you want to see more about models of learning, take a look
at my MSc Macro lectures from my time at Bristol, lower down on the teaching
page.
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