
Bristol MSc Advanced Macro, Spring 2014

The Zero Bound to nominal interest rates: assignment solutions

1. Explain in your own words, step by step, using equations as appropriate,
how you would solve the nonlinear rational expectations model discussed in the
lecture.
The economy is given by:

πt = βEπt+1 + kxt

xt = Ext+1 − σ(it − Eπt+1)
it = max{izlb, φ1∆xt + φ2xt + φ3πt}

So, notice that the central bank responds to the change in the output gap,
not the level, as would be normal in exercises done with the sticky price business
cycle model.
The policy rule is nonstandard also because of the max operator. This

operator means ‘choose whichever is the biggest, the i associated with the zero
bound, or the i prescribed by the rule. Note that izlb is not simply 0 because
the model is written in terms of the log deviations from steady state. So i, the
log deviation of interest rates from the steady state IS allowed to go below zero,
but not far enough to mean that the actual level of rates goes below 0.

Note that this solution method is going to assume perfect foresight. So we
are going to assume no shocks, and find the set of expectations that turn out
to be completely right. It’s the ultimate in rational expectations!
The way to solve this model is as follows:
i. First, we guess a period beyond which the zero bound does not bind any

more. Suppose we start out guessing that it no longer binds for t ≥ 1.
ii. For this period, the model is a conventional RE model which will have

the following form:

Yt =

 πt
xt
it

 = AYt−1

Note there is no shock vector, and the function or matrix A is unknown.
But we can find A using the method of undetermined coeffi cients.
This means guessing some function that maps the only state variable in this

economy, which is last period’s output gap xt−1 to the future. And then solving
for the unknown, or undetermined coeffi cients.
iii. Using AYt−1, we substitute out in the philips curve and the IS curve,

wherever we see expectations terms, and this gives us then a system of 2 equa-
tions in two unknowns, the initial period’s values for inflation π0 and the output
gap x0. Remember the third equation, the policy rule, is disabled in period 0
and by assumption we know that this interest rate is given by izlb.
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iv. Using these values for π0 and the output gap x0 and the assumed value
for i0 = izlb we can then simulate the model forwards by using AYt−1.

v. We are not done yet: we have to check whether indeed this is a rational
expectations equilibrium, which means inspecting the solution for i = {i0, i1, ....}
and determining whether it does indeed involve the zero bound binding in the
first period and never again. For this guess to be verified of course requires
that φ1∆xt + φ2xt + φ3πt < izlb, t = 0, φ1∆xt + φ2xt + φ3πt ≥ izlb, t ≥ 1.
vi. If these conditions on the sequence i are satisfied, we are done. If not,

extend the guessed period at which the zero bound binds out by 1 period and
go to step 3, and repeat.
2. Comment on the time-consistency or otherwise of different forms of

forward guidance.

There are broadly two types of forward guidance. One has become known,
following a speech by Charles Evans of the FOMC, as ‘Delphic Forward Guid-
ance’. The other is known as ‘Odyssian’. Delphic forward guidance is simply
revealing things to the markets about what you would do in the future under
certain conditions. Hence Delphic - this refers to a character in Greek mythol-
ogy who could see the future. Time-consistency refers to the property of a
policy that, once announced today, there will be an incentive on the part of the
policymaker to follow through tomorrow. A classic example is capital taxes.
[The example discussed in Kydland and Prescott’s famous paper in 1977]. The
government promises not to tax capital [buildings and machines] having read
insights into the literature on optimal taxation. The private sector invests a lot.
Once that’s done, and because the investment is irreversible to some extent, the
Government then has an incentive to renege and tax capital heavily. Knowing
how this could play out, the private sector don’t believe the promise not to tax
capital in the first place. Whether this form of guidance is time consistent or
not depends on what it was you were going to do anyway, and what institutions
were in place to make you do it, if they are needed.
Odyssian Forward Guidance is the act of committing to keeping rates at the

zero bound in accordance with the Eggertson-Woodford optimal policy, modified
to account for the presence of the zero bound . Sometimes it is referred to
as ’lower for longer’ [ie longer than you might have expected, given how the
state of the economy evolves, and in the absence of the zero bound]. This
is not time consistent for the reasons that the commitment policy is not time
consistent. Once expectations have been set, and informed contracts, they
policymaker will have an incentive to deviate and tighten faster than announced
in the commitment policy. Commitment policies are history dependent, but
it will be better for the central bank to drope dependence on history, since the
welfare function it is maximising doesn’t involve history (only squares of current
period variables).
3. Starting from the utility function and constraints in the McCallum

model of money-demand discussed in the lecture, derive the equation that tells
us whether or not there is a zero bound to nominal interest rates. You need
to derive the first order conditions for money and bonds, eliminate Lagrange
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Multiplier(s), and get an equation in terms of the nominal interest rate and the
marginal benefits of holding real balances.
Derivation of conditions for zero bound from McCallum.
Consumers seek to maximise:

∞∑
t=0

βtu(ct)

Subject to the sequence of resource constraints:

f(nt, kt)− txt = ct + kt+1 − (1− δ)kt + (1 + πt)mt+1 −mt +
(1 + πt)

1 +Rt
bt+1 − bt

+wt(nt − 1) + ϕ(ct,mt)

To study the zero bound, we compute the FOCs with respect to real balances,
m and bonds b.
To do this we write out a Lagrangian, and imagine some hypothetical period

in the middle somewhere.
The theory underlying the FO and N conditions are the Kuhn-Tucker con-

ditions, which you should read someday.

L =

∞∑
t=0

βt{u(ct)− λt[txt − f(nt, kt) + ct + kt+1 − (1− δ)kt + (1 + πt)mt+1

−mt +
(1 + πt)

1 +Rt
bt+1 − bt + wt(nt − 1) + ϕ(ct,mt)]}

Write out two time periods from this infinite sum, corresponding to some
time t− 1 and t:

...+ βt−1{u(ct−1)− λt−1[txt−1 − f(nt−1, kt−1) + ct−1 + kt − (1− δ)kt−1 + (1 + πt−1)mt

−mt−1 +
(1 + πt−1)

1 +Rt−1
bt − bt−1 + wt−1(nt−1 − 1) + ϕ(ct−1,mt−1)]

+βt{u(ct)− λt[txt − f(nt, kt) + ct + kt+1 − (1− δ)kt + (1 + πt)mt+1

−mt +
(1 + πt)

1 +Rt
bt+1 − bt + wt(nt − 1) + ϕ(ct,mt)]}

Now differentiate with respect to mt and bt.

mt : −λt(1 + πt) + βλt+1[1− ϕm(ct+1,mt+1)] = 0

bt : −λt
(1 + πt)

1 +Rt
+ λt+1β = 0
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These are combined to arrive at:

Rt = −ϕm(ct+1,mt+1)

The presumption is that the partial derivative on the RHS is always <0, in
which case the interest rate is always greater than zero. If we want to think
about storage costs of large quantities of real balances, however, we could think
about that derivative turning positive [more real balances actually increases the
resource costs associated with consumption], and therefore the nominal interest
rate being negative.
4. Putting the model aside: could the central bank decide to set nominal

rates? What would happen to private sector nominal rates if it did? Why?
Anyone, central bank included, could offer negative nominal rates as a lender.

But this would not induce others to invest at negative nominal rates, because
they could always invest their money in cash, which generates zero nominal
returns, and dominates an offer of negative rates. A central bank offering
negative nominal rates would essentially be giving money away, with no stimulus
got in return because market rates would not move.
5. Explain why Wallace and Woodford view quantitative easing as ‘irrele-

vant’.
Their results suggest that QE is irrelevant in the sense that, unless QE is

associated with nominal interest rates being lower at some point in the future,
[they cannot be lower now, as rates are at the ZLB], the equilibrium values for
other variables in the economy will not be affected. One reason why is that
the open market operation involving QE is a purchase of a no-default-risk, zero-
interest rate gilt in exchange for a no-default-risk-zero-interest-rate quantity of
money, or, more exactly, electronic reserves at the central bank.
6. Define ‘credit easing’as distinct from ‘quantitative easing’, and explain

the conditions under which credit easing would also be irrelevant.
Bernanke would define credit easing as the central bank expanding its bal-

ance sheet (creating money, central bank reserves, a liability) and purchasing
assets originated by the private sector (like corporate bonds, mortgages, asset
backed securities, equities). Quantitative easing is balance sheet expansion by
the central bank that involves the purchase of assets originated by the public
sector (in the UK, government bonds known sometimes as gilts, or in the US,
Treasury securities). Caution, some people now even refer to QE to mean
purchasing private sector assets. But for the purposes of this course we will
use the Bernanke terminology. Buiter even has a better terminology, which
is to distinguish ‘quantitative easing’- changes in the size of the central bank
balance sheet - from ‘qualitative easing’- changes in the mix of assets held by
the central bank.
Credit easing would be irrelevant in an economy with no credit frictions and

rational expectations. This is because the risky assets taken onto the public
sector balance sheet would be perceived to lead to an equivalent increase in
the riskiness of taxes or spending instruments to make good the effect of that
risk on public finances. Those now more volatile spending and taxes would be
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acknowledged by the rational private sector has having exactly the same effect
on its consumption possibilities in the future as would retaining the risky assets
itself. Financial frictions break this because if you are up against a borrowing
contraint today, then you would prefer to have money from the government [eg
in the form of them taking away the need to insure yourself against a capital
loss on these risky assets] today than in the future, when you might be rich
again. A deviation from rational expectations breaks this irrelevance because
if you can’t foresee the effect of the government having to make good changes
in the risky asset prices by changing taxes, then you will treat the shift in risk
from you to them as leading to a net reduction in your risk.
7. Check the literature on quantitative easing and find a model that solves

the problem of Wallace/Woodford irrelevance.
There are a few examples, but a good one is a paper by Richard Harrison

at the Bank of England. His paper gets that quantitative easing has an effect
by introducing that agents care about the mix between real balances and long
term bonds in their portfolios relative to some target. Buying long term bonds
from the private sector bids up the price and lowers the interest rate on those
bonds. The reduction in long term rates then stimulates spending and inflation.
These models generate a role for QE, but inserting arbitary terms in the utility
function involving deviations of actual from target levels of long term bonds is
somewhat dubious. Then again, those involved in the literature that seeks to
model exactly why people hold money will also view the inserting of real money
balances into the utility function as equally dubious.
8. Use the money demand equation that you derived from the McCallum

model to explain the optimal level of interest rates and inflation in a model with
no shocks.
McCallum’s model conforms to the Friedman Rule, the property that zero

interest rates are actually the optimal level of rates. They would imply a level
of inflation equal to minus the real rate of interest. Ie Deflation. At this
level of intrest rates, the authorities have pushed out real balances until the
marginal benefit of holding them has shrunk to zero. Which means that all
possible benefits from holding money have been exhausted. Another way of
putting this is that at a rate of deflation equal to minus the real rate of interest,
money earns a return equal to all other risk free assets (equal to the real rate of
interest) so there is no penalty from storing wealth this way, and hence agents
can exploit maximally the benefits to be got directly from the utility function
from having real balances. (Where this modelling device is of course a proxy for
benefits to be got from real balances reducing transactions costs in shopping).
9. Explain why this level of interest rates and inflation would not be optimal

in a model with shocks and sticky prices.
It’s not optimal to press interest rates to the zero bound with no shocks

because in that case there is no room for interest rates to conduct macroeco-
nomic stabilisation, which would be beneficial in a world with sticky prices
(which makes central bank interest rates effective as a tool, but also necesary),
with possibly other distortions (which would further necessitate and complicate
central bank stabilisation).
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10. Comment on the effi cacy of Forward Guidance by the US and UK
central banks.
Some comments. In both economies, forward guidance came after rates

hit the zero bound. In the UK, it came very late afterwards. By this time,
the yield curve was relatively flat. So there was not much to be gained by it.
Both policies suffer because future committee membership evolves, and there is
no mechanism to bind future members to a vote made by today’s committee.
That’s a fact of life and there is not much that central banks could have done
about it. Both central banks wound up stating that their forward guidance
was Delphic. My own view on this is that this was a waste of time, largely.
They should have saved forward guidance for the commitment variety, when it
was felt that it was desparately needed. In the UK, communication of Forward
Guidance was much hampered by disagreement on the MPC. Carney wanted
more monetary stimulus, which would have been implied by a Woodford style
lower for longer promise. The others on the UK’s MPC did not. So the
compromise was a form of forward guidance that did not imply leaving rates
lower than would have been guessed historically. Carney was also confusing
about whether the policy was stimulatory or not, probably because of this dif-
ficult compromise. He would not say that more stimulus was implied, but he
wanted to say that the policy was simply ‘more effective’on account of elimi-
nating uncertainty. But this was a contradiction, since eliminating uncertainty
is stimulatory in a model where agents care about risk.
11. Explain the fears of some conservative economists that QE will lead to

hyperinflation, and why these fears are (from the perspective of our models, at
least) unfounded.
The fear is based on the quantity equation that you met in high school or un-

dergraduate economics pt = mv. More money means higher prices. However,
in our modern optimising model of money demand, we saw that real balances
depend on the nominal interest rate. So although the quantity equation always
holds, it is not true that more money means higher prices at the zero bound.
More money is absorped into higher real balances, with prices remaining un-
changed, and velocity, therefore, falling. Of course, the real world might not be
like the model, so the conservative US economists might yet prove to be right.
But in so far as they are arguing from the quantity equation with fixed velocity,
their argument is false.
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