
Macro lecture on zero bound, Bristol MSc advanced macro, Spring
2014
Much of the lecture’s topics are not covered in these notes, but in the slides

only. These notes focus on the formal part of the ‘zero bound’ topic only,
but should not be taken to indicate any less of a need to get to grips with the
‘informal’stuff. In particular, you need to get a broad understanding of the
alternatives to conventional interest rate stabilisation policy at the zero bound,
and what their costs and benefits are. These alternatives are: undertaking
forward guidance, quantitative easing, credit easing,

Solving nonlinear RE Model at zero bound with speed limit rule.
[taken from my joint paper with Brendon and Paustian; general
method in turn taken from earlier work cited in the bibliography to
this paper]

First topic is on how to solve the nonlinear rational expectations model when
we have a sticky price economy including the zero bound.
There are two reasons for doing this. One, it’s a helpful introduction into

how to consider the problem of solving at the zero lower bound, which is topical
right now! Two, it is a recap on solving linear rational expectations models.
Three, it is an introduction to a vast literature on solving nonlinear rational
expectations models, in the sense that it is probably about the simplest possible
nonlinear rational expectations model you could think of. This topic comes up
a great deal as you take the subject further. One of the alleged criticisms of
macro is that it focused too much on linearised models. Without addressing
whether that criticism is fair or not - a good topic for a blog or a beer - this
material gives you your first glimpse of what you have to face up to if you drop
linearity as a modeller.
We work with the 3 equation New Keynesian model. This model is given

by:

πt = βEπt+1 + kxt

xt = Ext+1 − σ(it − Eπt+1)
it = max{izlb, φ1∆xt + φ2xt + φ3πt}

Where πt is the quarterly inflation rate; xt is the output gap [the gap
between flexible and sticky price output], and it is the central bank nominal
interest rate.
Notice that the central bank responds to the change in the output gap, not

the level, as would be normal in exercises done with the sticky price business
cycle model.
The policy rule is nonstandard also because of the max operator. This

operator means ‘choose whichever is the biggest, the i associated with the zero
bound, or the i prescribed by the rule. Note that izlb is not simply 0 because
the model is written in terms of the log deviations from steady state. So i, the
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log deviation of interest rates from the steady state IS allowed to go below zero,
but not far enough to mean that the actual level of rates goes below 0.

It is this final equation that makes the model nonlinear. The central bank
policy rule has two segments. Below the level of i consistent with the zero lower
bound, rates simply equal this level. So rates are a flat line in this segment.
Above it, they are given by the Taylor-like-rule. Either side of the ZLB, the
policy rule is linear. But the kink at the ZLB produces a nonlinearity. So the
model is nonlinear, and this is despite using the linearised versions of the NK
model equations that describe firm and consumer behaviour.
Our solution method is going to assume perfect foresight. This is an extreme

form of rational expectations. [So, if you recall the first lecture using learning,
you have been confronted with something of the full range of expectational
assumptions, from non-RE, to extreme RE]. Normally, with RE, we allow agents
to know the model equations, but allow them to be surprised by shocks to
technology, government spending or monetary policy, for example. Here, not
only will agents know model equations, they will be actually also know all the
past and future outcomes for the economy. And they will know this because
they are capable of the same nonlinear numerical methods that you will be
having worked through this lecture. [Despite not having had the pleasure, like
you, of sitting through it]. So we are going to assume no shocks, and find
the set of expectations that turn out to be completely right. It’s the ultimate
in rational expectations! It’s a simplification. Like all such simplifications, it
gives us tractability, but at the cost of realism. Whether the cost of abstraction
is worth it is something to be debated. There are methods to solve this kind of
model without perfect foresight and with RE, and also to solve models without
RE that have this zero bound [the latter can be quite easy]. But you will not
have to know anything about these for the exam. But, just so you know, they
are out there, and macro is not confined to using the algorithm that we will
describe next.
The broad method of solving the model is to break it up into its two con-

stiuent, linear parts, which exist either side of the zero bound, using conven-
tional linear methods to solve the model, and then to stitch the solution together
somehow. Digging in deeper, the way we will solve this model is as follows:
1. First, we guess a period beyond which the zero bound does not bind any

more. Suppose we start out guessing that it no longer binds for t ≥ 1.
2. For this period, the model is a conventional RE model which will have

the following form:

Yt =

 πt
xt
it

 = AYt−1

Note there is no shock vector, and the function or matrix A is unknown.
We find A using the method of undetermined coeffi cients. This means guessing
some function [in our case a coeffi cient matrix], call it A′, used in forming
expectations, that maps the only state variable in this economy, which is last
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period’s output gap xt−1 to t dated values. We assume this function is used for
forecasting and substitute out for expectations. We then solve for the unknown
[‘undetermined’] function A that does map from the state to t dated variables
under the assumption that agents use A′. Having done this, we have a device
for simulating the model from period 1 onwards, after which the ZLB does not
bind. But we still need to solve for period 0.
3. To solve for period 0 we first substitute out terms in expectations using

the REE function AYt−1 that we solved for.
4. 3 leaves us with a system of 2 euqation in only 2 unknowns π0 and the

output gap x0. Remember the third equation, the policy rule, is disabled in
period 0 and by assumption we know that this interest rate is given by izlb.
4. Using these values for π0 and the output gap x0 and the assumed value

for i0 = izlb we can then simulate the model forwards from period 1 onwards
using AYt−1 that we solved for in step 2.
5. We are not done yet: we have to check whether indeed this is a rational

expectations equilibrium, which means inspecting the solution for i = {i0, i1, ....}
and determining whether it does indeed involve the zero bound binding in the
first period and never again. For this guess to be verified of course requires
that φ1∆xt + φ2xt + φ3πt < izlb, t = 0, φ1∆xt + φ2xt + φ3πt ≥ izlb, t ≥ 1.
6. If these conditions on the sequence i are satisfied, [if our guess about

how long the zero bound binds for was right] we are done. If not, we extend
the guessed period at which the zero bound binds out by 1 period and go to
step 3, [step 2 gave us a general funcional form for the model solution for t ≥ 1,
so we don’t have to repeat that step] and repeat steps 3-5.

At a very general level, this is a classic example of numerical methods work-
ing in economics. We take a problem that we can’t solve - the RE model with
the zero bound - and approximate the solution with the solution to problems
that we can solve easily. The approximations used here being, principally: the
use of the linearised NK model equations; the use of perfect foresight and the
associated assumption of no shocks.
Derivation of conditions for zero bound from McCallum.[taken

from McCallum paper]

So far we have simply assumed that interest rates cannot breach the zero
bound. Now we examines how this bound arises in a monetary, microfounded
model.
Consumers seek to maximise:

∞∑
t=0

βtu(ct)

Subject to the sequence of resource constraints:
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f(nt, kt)− txt = ct + kt+1 − (1− δ)kt + (1 + πt)mt+1 −mt +
(1 + πt)

1 +Rt
bt+1 − bt

+wt(nt − 1) + ϕ(ct,mt)

To study the zero bound, we compute the FOCs with respect to real balances,
m and bonds b.
To do this we write out a Lagrangian, and imagine some hypothetical period

in the middle somewhere.
The theory underlying the FO and N conditions are the Kuhn-Tucker con-

ditions, which you should read someday.

L =

∞∑
t=0

βt{u(ct)− λt[txt − f(nt, kt) + ct + kt+1 − (1− δ)kt + (1 + πt)mt+1

−mt +
(1 + πt)

1 +Rt
bt+1 − bt + wt(nt − 1) + ϕ(ct,mt)]}

Write out two time periods from this infinite sum, corresponding to some
time t− 1 and t:

...+ βt−1{u(ct−1)− λt−1[txt−1 − f(nt−1, kt−1) + ct−1 + kt − (1− δ)kt−1 + (1 + πt−1)mt

−mt−1 +
(1 + πt−1)

1 +Rt−1
bt − bt−1 + wt−1(nt−1 − 1) + ϕ(ct−1,mt−1)]

+βt{u(ct)− λt[txt − f(nt, kt) + ct + kt+1 − (1− δ)kt + (1 + πt)mt+1

−mt +
(1 + πt)

1 +Rt
bt+1 − bt + wt(nt − 1) + ϕ(ct,mt)]}

Now differentiate with respect to mt and bt.

mt : −λt(1 + πt) + βλt+1[1− ϕm(ct+1,mt+1)] = 0

bt : −λt
(1 + πt)

1 +Rt
+ λt+1β = 0

These are combined to arrive at:

Rt = −ϕm(ct+1,mt+1)

The presumption is that the partial derivative on the RHS is always <0, in
which case the interest rate is always greater than zero. If we want to think
about storage costs of large quantities of real balances, however, we could think
about that derivative turning positive [more real balances actually increases the
resource costs associated with consumption], and therefore the nominal interest
rate being negative. This analysis immediately suggests a method to overcome
the zero bound, however, which is to introduce taxes on cash. Although the
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marginal transactions costs reducing benefits of cash are always positive [or
approximately so], net of taxes they are not. In this model, the nominal rate
can fall as low as the tax rate on cash. This method was first proposed by Silvio
Gesel in the early 20th century. But recent versions of it have been advanced
by Willem Buiter and Miles Kimball.
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