
Bristol MSc Time Series Econometrics, Spring 2015.
Lecture on factor models.

Motivation. Sims taught us that we should estimate VARs, and not use
Cowles Commission models. VARs involve regressing everything against every-
thing lagged. This means estimating a lot of coeffi cients. We have a problem.
Suppose we have two VARs. One with all the variables in the true model. And
the other with one less. If we exclude variables, we will find that the reduced
form shocks in the VAR do not correctly encode the structural shocks. The
structural shocks will correpond to certain permutations of the true, vcov matrix
of the larger VAR’s reduced form shocks, but won’t be correctly disentangled
using this permutation of the smaller VAR’s reduced form shocks.
Yet, enlarging the VAR to get close to the ‘true’one confronts us with the

curse of dimensionality. This curse is that as we increase the number of variables
in a VAR, the number of data points used in estimation increases by an order
of magnitude less than the number of coeffi cients to be estimated.
In a VAR with n variables and l lags, there are:

c = n2l +
n(n− 1)

2

Coeffi cients.
Increase the number of variables by m and the number of coeffi cients in-

creases to:

c′ = (n+m)
2
l +

(n+m)(m+ n− 1)

2

The difference is:

c′ − c = (n2 +m2 + 2nm)l − n2l +
(n+m)(m+ n− 1)

2
− n(n− 1)

2

= (m2 + 2mn)l +
2nm+m2 −m

2

While the increase in the number of data points is much less.
Initially we have:

d = nT

Then with the extra m variables we have:

d′ = (n+m)T

So the increase in data points is:

d′ − d = (n+m)T − nT = mT
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However, with factor modelling, the same phenomenon that causes a curse
can actually cause a blessing. We will return to this after we’ve seen some
simple factor models, and how they are estimated.
Another part of the motivation emerges from the early RBC theoretical

macro modelling research program, and the early applications of factor mod-
elling. The early vintages of RBC model had only one shock. And it was the
contention in several papers that one shock was enough to generate economic
data that looked like real data. Early applications of factor models by Sargent,
Quah, Sims, Geweke, Reichlin and others found that you could explain a large
panel of macro data with only a few underlying factors. Which was a finding
that seemed to accord with the real business cycle modellers’claims.

A simple typology of factor models in VAR modelling.
A static factor model would look like this:

Yt = ΛFt + Ut

Ft = AFt−1 + Zt

A dynamic factor model would look like this:

Yt = Λ0Ft + Λ1Ft−1 + Ut

Ft = AFt−1 + Zt

We can actually re-write the dynamic factor model as a static factor model
by noting:

Ft =

[
Ft
Ft−1

]
In which case this dynamic factor model is written as:

Yt =
[

Λ0 Λ1
]
Ft + Ut[

I −A
]
Ft = Zt

A 3-concept, 3-variable example of identifying using sign restrictions in a
dynamic factor model.
Now, to an illustration of a very simple factor model.
Suppose we have 3 underlying concepts, which we are going to associate with

latent factors, inflation, interest rates, and the output gap, denoted Fπ, Fr, Fx.
Suppose we have two measures of each.
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We form the following dynamic factor model.

Yt =


π1t
π2t
r1t
r2t
x1t
x2t

 =


Λπ1π Λπ1r Λπ1x
Λπ2π Λπ2r Λπ2x
Λr1π Λr1r Λr1x
Λr2π Λr2r Λr2x
Λx1π Λx1r Λx1x
Λx2π Λx2r Λx2x


 Fπ
Fr
Fx


t

+


Uπ1
Uπ2
Ur1
Ur2
Ux1
Ux2


 Fπ
Fr
Fx


t

=

 Aππ Aπr Aπx
Arπ Arr Arx
Axπ Axr Axx

 Fπ
Fr
Fx


t−1

+

 Zπ
Zr
Zx


t

Which we write more compactly as:

Yt = ΛFt + Ut

Ft = AFt−1 + Zt

In this case, since we have very clear notions that there are three pairs of
observeables, with each pair measuring a different economic concept, we might
well not want to leave all the elements of Λ unrestricted. Instead, we would
esitmate the following:

Yt =


π1t
π2t
r1t
r2t
x1t
x2t

 =


Λπ1π 0 0
Λπ2π 0 0

0 Λr1r 0
0 Λr2r 0
0 0 Λr1r
0 0 Λr2r


 Fπ
Fr
Fx


t

+


Uπ1
Uπ2
Ur1
Ur2
Ux1
Ux2


If we were confident in these priors, this would be more effi cient, allowing us

to get more precise estimates of the unrestricted elements, for reasons familiar
from basic OLS.
Another popular model was the FAVAR.
You take a VAR in some observeables you think are key, then add a ’factor’

estimated from some other variables.

Yt = AYt−1 + et

Yt =

 it
πt
ft


Xit = Λift + uit

Such a model might be justified if we were relatively confident that we had
measured very well one set of concepts, and so multiple measures would be
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redundant. But another set were badly measured and multiple measures were
not redundant at all.
The way this example is written above, I have (realistically) assumed that

interest rates and inflation are well measured, but there are multiple measures
of the output gap - a murky concept, coming from surveys of capacity in firms,
unemployment rates, and detrended output - that are separately combined into
a factor.
A least squares problem for estimation of the factors looks like this:

MinVr(Λ, F ) = (1/NT )

T∑
t=1

(Yt − ΛFt)
′(Yt − ΛFt)

subject to N−1Λ′Λ = Ir

F̂t = N−1Λ̂′Xt

We can decompose the variance-covariance matrix of the data using our
factors and factor loadings too. This should be very familiar from basic OLS.
Thus:

Σ̂Y = ΛΣ̂FΛ′ + Σ̂e

This should be familiar from the old formula for:

var(ax+ y) = a2var(x) + var(y)− 2a.cov(x, y)

The factors are assumed to be orthogonal to the idiosyncratic shocks hitting
the observables, so the covariance term that would be the matrix analog of this
simple scalar example disappears.
I started out by saying that factor modelling turns a curse into a blessing.
The blessing of dimentionality is conferred on us in the estimation of the

factors themselves.
Suppose we have the following set up:

Yit = ΛiFt + eit

1/n

n∑
i=1

Yit = 1/n

n∑
i=1

(ΛiFt + eit)

= 1/n

n∑
i=1

(ΛiFt) + 1/n

n∑
i=1

(eit)

1/n

n∑
i=1

Yit → pΛFt, n −→∞

The first line above is our factor model. For simplicity suppose that there
is only 1 factor.
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The second line says what would we get if we average across our different
observations. Obviously, we get the average of the factor loadings times the
factor, plus the average of the idiosyncratic errors.
The final line notes that, therefore, since the average across the idiosyncratic

errors, by assumption, tends to zero, the average across our observations tends
towards the factor loadings times the factor.
So, as we increase the dimension of the observation vector, we get bettter

and better estimates of the underlying factors.
Of course, this is not a magic blessing that applies at all times. The context

has to be appropriate, and the economics of the situation will dictate whether
it’s appropriate or not. And this blessing also has costs of its own.
One of them being that there is an identification problem in factor modelling.

This doesn’t really need to concern anyone if they are forecasting. But if you
want to place any economic interpretation on the factors, it will.
To see this:

Yt = Λ̂F̂t + êt = Λ̂CC ′F̂t + êt

Where C is any orthonormal matrix, a matrix that when multiplied by itself
equals the identity I.
So we can simultaneously permute the loading matrix and the factor series.

Once we have estimated the factors, and the factor loadings, we can actually
get any combination of factor and factor loadings that we like to explain this
equation equally well.
There is an irony here. Before we were using this property of C to solve

an identification problem in a VAR model; here this same matrix is causing a
headache in identifying factors and loading matrices.
Equivalently, we could note that

Yt = Λ̂Ft + êt = Λ̂DD−1Ft + êt

ie, we can use a matrix and its inverse, not just an orthonormal marix to
permute the factors and factor loadings.
So, we have to identify in order to place economic interpretation on the

factors.
This is one motivation for proceeding to see how factor analysis integrates

with VAR analysis, which we will look at next. However, note that we don’t
always have to identify. If what we are interested in is forecasting, identifying
the factors from the factor loadings may not be necessary.
Let’s start with sign restrictions
Assume we have a VAR(1) in the factors:

Yt = ΛFt + Ut

Ft = AFt−1 + Zt

E[ZZ ′] = ΣZ = PZP
′
Z = PZCC

′P ′Z
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Where C is some orthonormal matrix, which we could denote C = C(ω).
Before, we would check the sign of the impact response to a structural shock

by inspecting the sign of PZC.
Now, since the factors themselves don’t at this point have any economic

interpretation, we have to identify by inspecting their impact on the variables,
by substituting in the shock to the factors into the ‘measurement equation’that
relates the factors to the variables.
Now the impact effect on the variables in Yt is given by: ΛPZC.
In some cases, economic interpretation of the factors is possible, but we still

have to use the measurement equation to complete the analysis, eg by computing
the impulse response of the economic shock to observeables.
For example, let’s do Cholesky identification in a VAR(1) in the factors,

when we have two measures each of inflation and the output gap.
We write this as:

Yt =


π1
π2
x1
x2


t

=


λ1π 0
λ2π 0
0 λ1x
0 λ2x

[ Fπ
Fx

]
t

+ Ut

Ft = AFt−1 + Zt

As before, we are chasing the unknown B−10 in the structural model, but one
that this time involves the factors, not the measured-with-error observeables,
where B0 encodes the contemporaneous relationships between the factors, in
the structural model:

B0Ft = B1Ft−1 + Et

Exacly analogously as when we were operating with a VAR in well-measured
observeables, we note:

Ut = B−10 E

UU ′ = ΣU = B−10 EE′B−1′0

Assuming the structural shocks to be orthogonal, and of unit variance,
amounts to assuming that EE′ = I, and this allows us to determine that:

ΣU = B−10 B−1′0

So, recapping on what we did before, provided we are happy that B−10 is
lower triangular, we can simply assign:

B−10 = chol(ΣU ) = PU

.
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Now, in order to compute the impulse response of shocks to the factors, on
the factors, the computation would be exactly the same as before, but where Ft
plays the role that Yt played before.
Thus:

Fhirf = AhPUU

But in order to compute the impulse response of the structural shocks [to
the factors] we have to substitute into the measurement equation, so these IRFs
are given by:

Y hirf = ΛFhirf = ΛAhPUU
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