
Adanced Macro Exercises. Learning in macroeconomics. Solu-
tions.

1. Explain in words and algebra why a regression of forecast errors on
forecast revisions constitutes a test of the REH.

If agents have rational expectations, then the difference between those ex-
pectations and the variable to be forecast should be white noise. That means
they should be uncorrelated with anything in the information set of the agent
at the time the expectations were formed, including forecast revisions.
2. Explain in words and algebra why a regression of forecast revisions on

past revisions constiutes a test of the REH.
If forecast revisions could be forecast by using past revisions, agents could

use this information to establish a different forecast.
3. Report and interpret the results in Bakhshi, Kapetanios and Yates.
BKY report several results. Forecast errors are shown to be biased and

correlated with past revisions. Forecast revisions are shown to be mean-non-
zero and correlated with past revisions. These can be interpreted as rejections
of REH.
4. What is the appropriate initial condition for the recursive least squares

recursion to give the OLS estimate as a final element in the sequence for the
inflation AR(1) in the lecture?
In the lecture, we initialised ρ̂ at the OLS value from a training sample.

Why? This is clearly the ‘correct value’for the OLS estimate at the start of
the post-training sample.
5. In the lecture notes, we asserted that the reduced form for inflation in

this Lucas model:

qt = q + π(pt − Et−1pt) + ζt

mt + vt = pt + qt

mt = m+ ut + ρ
′wt−1

was given by this equation:

pt = µ+ αEt−1pt + δ
′wt−1 + ηt

Where

µ =
(m− q)
1 + π

0 < α < 1, α =
π

1 + π

δ =
ρ

1 + π

ηt =
vt − ζt
1 + π
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Confirm that this is the case, and explain why the inequality on α holds.
The reduced form for prices pt is easily got by (i) substituting the aggregate

supply equation for qt in the aggregate demand equation, and (ii) substituting
for mt in the aggregate demand equation using the central bank feedback rule.
The inequality holds for the following reason. We are told just that π > 0.

If π = 0 then α = 0. As π →∞, α→ 1.
Note that the three disturbances, (ut, vt, ζt), all assumed to be white noise,

are formed into a composite shock.
6. In the lecture notes, the REE for this Lucas model is stated as:

pt = a+ bwt−1 + ηt

Where:

a =
µ

1− α, b =
δ′

1− α
Show that this is indeed the case by taking expectations of the reduced form,

and substituting. State another method for solving for the REE.
We solve for the REE by taking expectations at t − 1 of the reduced form

for inflation, ie:

Et−1pt = µ+ αEt−1pt + δ
′wt−1

⇔ Et−1pt =
µ

1− α +
δ′

1− αwt−1

We then substitute this expression for Et−1pt into the reduced form:

pt = µ(1 +
α

1− α ) + δ
′(1 +

α

1− α )wt−1 + ηt

=
µ

1− α +
δ

1− αwt−1 + ηt

Another method would have been to guess the form of the solution, and then
solve for the value of the coeffi cients that would equate LHS and RHS. Known
as ‘method of undetermined coeffi cients’.
7. Suppose that expectations instead are given by some arbitary function

different from the one found in 4. Compute expressions for inflation under
the assumption that expectations follow this arbitary, non rational function.
Compute the expression for expectational errors in this model. Show that an
econometricial will indeed deduce that they fail the REH.
There are many possibilities here, but an example follows. Let expectations

be given by the following:

Et−1(pt) = (a+ a1) + (b+ b1)wt−1 + ηt

This is a function that as a constant that differs by some small amount from
the RE solution, and a coeffi cient on the observables wt−1 that differs similarly.
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Substituting this into the reduced form for prices, we get:

pt = µ+ α[(a+ a1) + (b+ b1)
′wt−1] + δ

′wt−1 + ηt

= [µ+ α(a+ a1)] + [(b+ b1)
′ + δ′]wt−1 + ηt

Expectational errors et are given by:

et = pt − Et−1pt
Substituting our reduced form under misperceived prices, and our expression

for agents misperceived forecasting function for prices, into this expression for
the expectational error, we get:

et = [µ+ (α− 1)(a+ a1)] + [(α− 1)(b+ b1)′ + δ′]wt−1
Clearly an error series like this will fail the REH because:

E(et) 6= 0, cov(et, wt−1) 6= 0

Expectational errors will have a constant term, and a term correlated with
wt−1 which is observable at the time expectations were made.
8. Write down the familiar NK model you saw in Engin’s class, in matrix

form, but with the central bank responding to a lag of the interest rate as
well as inflation and the otuptu gap. Substitute for rational exepctations the
assumption that agents project forwards using a VAR. Can you write down the
recursion that defines the coeffi cient updating, under the assumption of constant
gain and adaptive least squares learning?
The familiar simple NK model, with least squares learning, in matrix form,

looks like this:

 1 k 0
0 1 −σ
−φπ −φx 1

 πt
xt
it

 =

 β 0 0
−σ 0 0
0 0 0

Et−1
 πt+1
xt+1
it+1

+
 0 0 0
0 0 0
0 0 1

 πt−1
xt−1
it−1


+

 1 0 0
0 1 0
0 0 1

 uπ,t
ux,t
ui,t


Or, with suitable definitions, and assuming invertibility:

Xt = A−10 A1Et−1Xt+1 +A
−1
0 A2Xt−1 +A

−1
0 A3Ut

One natural assumption to make is that agents use a VAR(1) to forecast.

Et−1Xt = BXt−1

Et−1Xt+1 = B2Xt−1
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Note that doing this means they have to project out 2 periods in order to
get t+ 1 forecasts when they make the projection at t− 1.
Agents estimate this every period. Substituting this into our first equation

we have:

Xt = A−10 (A1B
2
t +A2)Xt−1 +A

−1
0 A3Ut

We now need to define the recursions for agents’VAR coeffi cients.
The way to do this that requires the least novelty with respect to what

you already saw is to recognise that you can estimate the VAR ‘equation by
equation’, and split the updating recursion into 3 idential blocks. At the end,
the coeffi cients have to be packed into the square matrix again.

 B11
B12
B13


t

=

 B11
B12
B13


t−1

+ γR1,tXt−1(Xt −B′1,t−1Xt−1)

R1,t = R1,t−1 + γ(X
′
tXt −Rt−1)

Where, for example, B′1,t = [B11, B12, B13]t. And analogously for the other
rows of the VAR, ‘packing’the coeffi cients back, thus:

Bt =
B′1,t
B′2,t
B′3,t

However, it’s also possible to write the updating recursion more compactly
in matrix form.
The T-mapping in this case is more complicated, and actually nonlinear,

compared with the simple Lucas model, where it was linear. Note that there is
a zero constant in both the PLM and the ALM. So the mapping can be written:

T :

[
0
B

]
→
[

0
A−10 (A1B

2
t +A2)

]
Recall that B summarises agents perceived law of motion, PLM , which,

when we substitute in for expectations, gives us an ALM at any given time
period, of A−10 (A1B

2
t +A2).

In order to find the e-stability condition, since the T - mapping is nonlinear,
we would first have to linearise the equation (T ) − () about the convergence
point, and then invoke the theory that in the locality of this convergence point
the stability of the approximate linear equations (represented by these matrices)
is predictive of the stability of the nonlinear equations we are really interested
in.
9. Comment on the pros and cons of an alternative non-rational expectations

assumption. You can use choice amongst multiple predictors, used, for example
in the paper by Brazier et al, or another. What did Sims mean when he referred
to the ‘wilderness’of alternative models of expectations.
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The alternative aluded to in the question was devised by Brock and Hommes.
This model is attractive because the assumption of agents sorting through multi-
ple models superficially resembles a reality where the literature offers forecasters
many models that they could use. The model of adaptive least squares learn-
ing we have seen has agents forecasting using a functional form that embraces
the correct RE solution. For the sake of realism perhaps this is too close to
rational expectations. The disadvantage is that it is somewhat arbitary. How
do we choose the rules of thumb that agents use? One could also mention that
the distance from RE is a disadvantage, depending on your perspective. How
would agents with such models survive if confronted with agents who have RE?
Sims comment about the ‘wilderness’ referred to the fact that once you drop
rational expectations, ‘anything goes’, in the sense that there are hundreds of
other possible models, many of which could be argued fit the data.
10. Find Marcet and den Haan’s paper on ‘parameterised expectations’

method for solving the nonlinear, rational expectations real business cycle model.
Sketch the algorithm for solving this model. Comment on the similarities and
differences between PE and adaptive least squares learning.
The parameterised expectations algorithm, in words, works like this. 1.

conjecture some nonlinear but sparsely (ie tractably) parameterised function for
expectations. 2. Solve and simulate model under this expectations function.
3. Update coeffi cients in 1 by regressing observeables on each other from the
simulation. If update is negligible, stop, otherwise continue to 2 and return.
More formally, let’s use the real business cycle model, as did Marcet and den

Haan, to illustrate.
The consumer/producer solves the following problem

max
{ct,kt}∞t=0

Et[

∞∑
t=0

βt
c1−γt − 1
1− γ ]

subject to :

ct + kt+1 = ztk
α
t + (1− δ)kt

ln(zt) = ρ ln(zt−1) + σet, et ∼ N(0, 1)

The solution is a function determining consumption ct as a function of the
state variables kt and zt and likewise for kt+1

ct = c(kt, zt), kt+1 = k(kt, zt)

This solution has to satisfy the consumer-producer’s Euler equation, and the
flow resource constraint:

c−γt = Et[βc
−γ
t+1(αk

α−1
t+1 + 1− δ)]

ct + kt+1 = ztk
α
t + (1− δ)kt

In the special case of log utility (γ = 1) and full depreciation of capital
(δ = 1) we know these solutions to be:
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ct = (1− αβ)ztkαt , kt+1 = αβztk
α
t

However, in general, we don’t know these functions. In PEA we approximate
the solution using a polynomial function.
What we do is to take the conditional expectation on the RHS of the Euler

equation and approximate it with the following:

g(kt, zt) = ea1 ln kt+a2 ln zt

We can use a higher order polynomial by including terms in k2t , z
2
t and ktzt,

which would be a second order polynomial, or even higher order. But for
illustration of this algorithm we stick to this low order approximation.
What we do is:
1. Draw a long sequence of values for shocks et to generate the exogenous

technology shock process zt.(Long=100,000?)
2. Choose a starting value for a1, a2 and a starting value for k0, perhaps

the steady state.
3. Simulate the model by:

3.1 computing c−γ0 = ea1 ln k0+a2 ln z0

3.2 solving for k1 from the resource constraint, thus: k1 = z0k
α
0 + (1−

δ)k0 − c−γ0
3.3. push time forward one period and return to 3.1

4. Compute ‘residuals’by:
4.1 for each t, letting ctruet = βc−γt+1(αk

α−1
t+1 +1−δ), c

app
t = ea1 ln kt+a2 ln zt

4.1 Rt = ctruet − cappt

5. Update a1, a2 by choosing them to min
T∑
t=0

R2 [nonlinear least squares]

6. Check convergence. If converged, stop, else return to 3.
There are clear similarities between the least squares learning models we saw

in the lectures and PEA. In the learning model, agents have a perceived law
of motion, use it to forecast, this leads to an actual law of motion, generating
data, which agents use to update their forecasting coeffi cients, and, under some
conditions, over time, this converges to the true solution. With PEA, the
researcher tries to find the fixed point by suggesting a forecasting function for
agents, simulating artificial data, then updating the forecasting function based
on the simulated data, and, likewise, under some conditions, this converges on
the true solution. There is no direct counterpart to the gain parameter in the
learning model, but, in order to improve the convergence properties of PEA,
agents sometimes use dampening function so that ai,j = λai,j−1 + (1 − λ)a′i,j
where a′i,j is the candidate update from the PEA and ai,j is the one we settle on
for the next iteration. j denotes the iteration in the PEA, and i indexes which
coeffi cient in the polynominal approximating function we are referring to.
11. What did Lucas mean when he said ‘beware of economists bearing

free parameters’? Comment on how this applies to the model of least squares
learning we have discussed. Lucas meant that the more parameters a model
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has, the better the opportunity to fit the data. The apparent data congruence
of models with more parameters is not necessarily a good thing and should not
automatically convince you that you have a more realistic model. It is related
to the idea of ‘data mining’in econometrics.
12. This condition is needed for the following reason. As the recursion

progresses, the contribution of updates to current beliefs has to diminish, oth-
erwise we can’t guarantee that updates stop changing, and therefore converge
to anything, let alone the REE.
13. First we let Rt = St−1
Recalling that our two equations are:

φt = φt−1 + t
−1zt−1R

−1
t (pt − φ′t−1zt−1)

Rt = Rt−1 + t
−1(zt−1z

′
t−1 −Rt−1)

We then lead the second equation by one period:

Rt+1 = Rt + (t+ 1)
−1(ztz

′
t −Rt)

Then we make the substitution for Rt :

φt = φt−1 + t
−1zt−1St−1(pt − φ′t−1zt−1)

St = St−1 + t
−1 t

t+ 1
(ztz

′
t − St−1)

Why bother doing this? Well, it means that the LHS and the RHS have
variables similarly dated and timed, so that we can stack the virtual ordinary
differential equations that result, and operate on them as an enlarged system of
ODEs.
14. Another natural assumption to make about agents’forecasting equations

is that they observe the shocks and forecast the endogenous variables using them,
thus:

Xt = HUt

This might be said to be less realistic, since how would agents see the shocks?
Another point to make is that models in general will have RE if we use forecasts
as functions of shocks. Since many REE have representations as relationships
between observables and shocks. However, using VARs requires more care.
Not all DSGE models have representations as VARs. So not all DSGE models
in which we have agents using a VAR to forecast will have REE, because we are
giving agents a mis-specified forecasting model to begin with. If that’s what
is empirically justified, however, then we just have to live with the lack of an
REE. In a sense, if we think agents have restricted perceptions, then the lack
of an REE should not concern us.
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