
MSc Time Series Econometrics, Bristol Spring 2014
Assignment on Factors and VARs
5.1 Why are factors helpful?
Because they can help us incorporate extra information into the VAR, with-

out which our VAR would be misspecified, and our identification incorrect, and
our forecasts biased, but without bumping up so quickly against the curse of
dimensionality.
5.2 What is the cost of using factors?
The factors don’t have such readily apparent economic interpretation, absent

identification. And they are measured with error. But this might not be seen as
a cost, if you think that the data from which they are extracted is an imperfect
measure of the factor, which is the true economic driver anyway.
5.3 Write down a dynamic factor model for 4 variables in terms of two factors.
An example like this would be written:

Yt =


y1

y2

y3

y4


t

=


λ11 λ12

λ21 λ22

λ31 λ32

λ41 λ42


0

[
f1

f2

]
t

+ Λ1Ft−1 +


u1

u2

u3

u4


t

Ft = AFt−1

Here we choose a system with only 1 lag for simplicity, but of course there
could be many lags in either equation.
5.4 Write this dynamic factor model as a static factor model.
Once we have defined the dimension of Y and F this task is no different

from what you saw in the lecture slides:

Yt = ΛFt + Ut,Λ = [Λ0,Λ1]

[I −A]Yt = Ft

5.5 Explain a simple procedure for estimating this model. ie how to estimate
the factors, and how to estimate the VAR in the factors. Explain any important
assumptions needed in order to make this work.
Once we have the factors, we simpy estimate the VAR in the factors using

OLS. MLE would be possible too, but this would be cumbersome for the usual
reasons that maximising a likelihood function in many parameters can take time
and lead to errors, since numerical optimisers can sometimes get stuck at local
optima.
So the only task is to estimate the factors. And this we do by principal

components.
That procedure finds the factors and factor loadings that solve:

min
F,Λ
{E[Y −ΛF]

′}

The solution is just copied from the lecture slides.
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Switching notation to denote the data by X, to conform to Bai and Ng’s
survey piece:
Two typically (but not always) equivalent ways to solve this.
One way is to ‘concentrate out’Λk.
In which case, the above problem is equivalent to one of:

max
Fk

tr[F k′(X ′X)F k]

=⇒ F̃ k =
√
T [evc1(XX ′)....evck(XX ′)]

F̃ k′F̃ k

T
= Ik =⇒ Λ̃k′ =

F̃ k′X

T

But we can also do it by concentrating out F k from the objective function.
Recap on ‘concentrating’. This comes up a lot in econometrics, where esti-

mation involves optimising a large dimension criterion function, like a likelihood
function which is a function of many parameters. What we do is rather than
optimising with respect to all parameters, we optimise with respect to one, or
a subset, and then substitute back into the criterion what we got (the optimal
value wrt the concentrated objective), and then optimise with respect to the
remainder. This process makes life easy sometimes. In likelihood estimation
with many parameters, finding the optimum is a numerical procedure. Such
procedures can be very unreliable and get stuck at local maxima. To improve
reliability, the likelihood gets concentrated, and some dimensions are dealt with
analytically, leaving a smaller dimension numerical search procedure. There is
a nice explanation of this in Dave Giles’blog.
5.6. Suppose that two of your variables were inflation and output respec-

tively, and that you decided that one of the shocks to your factors would be a
technology shock. Explain using words and algebra how you would use sign
restrictions to identify the shock in the DFM, and how this is different from if
you estimated a simple VAR in the observeables.
5.7 Explain in words and algebra the blessings of dimensionality, using a one

factor model.
In words: the blessing of dimensionality is that the more variables you

have that give you observations on a latent factor, the closer your estimate will
become, since, in the cross section, the idiosyncratic shocks which also peturb
the observed variables, assumed to be white noise, will average out. More
variables in this sense is good, not bad, [recall before that they ate up degrees
of freedom].
In algebra. This is just a matter of copying out the Geweke analysis in the

lecture slides:
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Yit = ΛiFt + eit

1/n

n∑
i=1

Yit = 1/n

n∑
i=1

(ΛiFt + eit)

= 1/n

n∑
i=1

(ΛiFt) + 1/n

n∑
i=1

(eit)

1/n

n∑
i=1

Yit → pΛFt

And this holds for our example defining Ft to be a time series with only 1
non-singleton dimension (the dimension of the data sample T ).
5.8 For a 3 variable VAR(1) with 1 factor, write down the problem posed in

estimating the factors, and its solution.
This is really a trick question. Once the dimensions of the new Y and F

have been changed to fit this question, the problem solved is written identically
with the last one. The question doesn’t specify whether the ‘measurement’
equation has a lag in the factors or not, but we can write it with suffi cient
generality to cope with this.
5.9 Find another paper that uses factors and VARs to identify structural

shocks, and comment on it, or at least describe how others have commented on
it.
There are a few examples you could use. One is Stock and Watson’s ‘Impli-

cations of dynamic factor models for VAR analysis’. They identify the factors
using a few different SVAR methods that we covered. There is a lot in this
paper and it is hard to draw it all out. But some key findings are. Evidence
against what we called an ‘exact factor model’and instead in favour of an ‘ap-
proximate factor model’. Recall that an exact factor model was one where we
imposed uncorrelatedness between the idiosyncratic shocks to the data series.
Another finding was that many more factors was needed than found earlier in
the literature. The discrepancy with Sargent, Sims, Quah is resolved by the
fact that those papers did not use a wide range of economic data [confining
themselves to output, employment, inflation]. The discrepancy with later work
by Reichlin and co-authors is still a puzzle. Finally, they scrutinise the findings
of Bernanke, Boivin and Eliasz [described in the next paragraph], and observe
that some of the impulse responses to an identified monetary policy shock are
inconsistent with theory. Which leaves open either that the theory is wrong, of
course, or that BBE’s identification is not as useful as we thought it was.
Another paper is the famous early FAVAR by Bernanke, Boivin and Eliasz.

They identify a monetary policy shock. The key message from this paper goes
back to Sims’ comment on the notion of the ‘price puzzle’. Recall that the
‘price puzzle’was the finding that in a small dimension VAR, a monetary pol-
icy contraction associated with a rise in interest rates appeared to be followed
by a rise in prices, rather than a fall that we might expect from theory. The
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conjecture is that what was actually going on was that the Fed was responding
to some signal that future prices might increase, like an increase in commodity
prices, excluded from the small dimension VAR. The econometrician, not in-
cluding this movement, perceives it, mistakenly to be an unsystematic change in
monetary policy. The contraction in policy is not wholly successful in staving
off the effect of the increase in commodity prices, and so to the econometrician
with only a few data series it looks like the contraction caused the price increase.
Bernanke et al estimate a FAVAR [actually the first ever] and show that the
inclusion of the extra information in the factor resolves the price puzzle.
5.10 Write expressions for how the number of observations available to es-

timate data increases as we add m variables to a general VAR system in n
variables with l lags, compared to the increase in the number of parameters to
be estimated. Show that if the sample size T = 100, and we have a VAR with
5 lags, then adding variables increases the number of coeffi cients by more than
it increases the number of observations. This question is a bit of fun after all
the factor stuff. But answering it can help cement your understanding of the
dimensions of the system, and the practicalities involved.
In a VAR with n variables and l lags, there are:

c = n2l +
n(n− 1)

2

Coeffi cients.
Increase the number of variables by m and the number of coeffi cients in-

creases to:

c′ = (n+m)
2
l +

(n+m)(m+ n− 1)

2

The difference is:

c′ − c = (n2 +m2 + 2nm)l − n2l +
(n+m)(m+ n− 1)

2
− n(n− 1)

2

= (m2 + 2mn)l +
2nm+m2 −m

2

While the increase in the number of data points is much less.
Initially we have:

d = nT

Then with the extra m variables we have:

d′ = (n+m)T

So the increase in data points is:

d′ − d = (n+m)T − nT = mT
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We are asked to assume l = 5, n = 10,T = 100.
Assume that the number of observations caused by the extra variables is

greater than the increase in coeffi cients, and then show a contradiction.

mT > (m2 + 2mn)l +
2nm+m2 −m

2

⇔ T > (m+ 2n)l +
2n+m− 1

2

Substituting in, this gives us:

201 > 11m+ (20 ∗ 11)

Which is clearly false.
5.11 Explain with an example how identification would fail if we incorrectly

missed out a variable from a VAR.
Suppose that the properly specified VAR is a 3 variable VAR(1):

Yt =

 y1

y2

y3


t

=

 A11 A12 A13

A21 A22 A23

A31 A32 A33

Yt−1 +

 z1

z2

z3


t

And this is being estimated, wisely, to pin down a structural model of exactly
the same dimension:

B0Yt = B1Yt−1 + Ut

Suppose, fortuitously, it turned out that B−1
0 was lower triangular. And so

when we assigned:

B−1
0 = chol(Σ),Σ = E[ZZ ′]

We got the right answer.
Now suppose that we estimate instead a two variable system:

Y ′t =

 1 0 0
0 1 0
0 0 0

Yt =

[
y1

y2

]
= A′Y ′t−1 + Z ′t

Our new assignment would be:

B−1
0 = chol(Σ′) 6= chol(Σ),Σ′ = E(Z ′Z ′′) 6= Σ

B−1
0 would of course not even have the right dimensions, since it would be

a 2 ∗ 2.
An example of a system in which this decomposition would work would be

if the structural system looked like this:

5



∗ 0 0
∗ ∗ 0
0 0 ∗

 y1

y2

y3


t

=

 ∗ ∗ 0
∗ ∗ 0
∗ ∗ ∗

Yt−1 +

 u1

u2

u3


Here ∗ denotes an element that can be non-zero.
This system allows for non-zero values for y3, the ommitted variable, but

rules out feedback from movements in y3 to the other two variables in the
system. So it’s really two systems, one for y1, y2 which is independent of y3

and a process for y3 that feeds off from, but not back to the other two variables.
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