
Birmingham MSc International Macro Autumn 2015
A microfounded small open economy RBC model and the in-

tertemporal approach to the current account

1 Introduction
The fourth lecture presents a small open economy real business cycle model.

The notes are lifted from notes by Uribe/Schmitt-Grohe and Uribe [UR here-
after] linked to in the reading list. A similar treatment is offered by Obstfeld
and Rogoff. OR include production, but this version of the exposition will
ignore production and think of consumers as simply receiving a random endow-
ment, and deciding how much to consume and save. Including firm behaviour
and production is more realistic, but it makes the analysis quite a bit more
complicated. So this lecture inherits the assumption we made when we cov-
ered the Eggertson-Krugman model, that income for consumption arrives as an
‘endowment’.
The small open economy assumption allows some simplifications, as it means

we can ignore the effect of our consumers’decisions on world variables like the
real interest rate, which can instead be taken to be exogenous (in fact constant
here). How realistic this is depends on the economy you study. The continual
global focus on the Federal Reserve and the US economy would suggest that
commentators think that there are significant global rammifications of what
goes on in the US, so for that economy the SOE assumption is not likely to be
valid. The small open economy assumption is routinely invoked by some of the
developed country central banks in their main forecasting models, like Sweden
and Norway. And it is a staple of the analysis of smaller emerging economies,
where the focus there has been on the tendency for those countries to experience
‘sudden stops’ - large precipitous falls in output, and capital outflows. This
lecture won’t go as far as analysing these things, but studying the SOE model
is a step towards doing this.
The SOE model will allow us to draw out some testable implications in-

volving the dynamics of consumption and the current account, and the relative
volatility of consumption and output. A classic topic in the literature is also
measuring the differences in properties like this as they are manifest in devel-
oped, versus emerging small open economies. In the exercises you will be asked
to investigate some of those facts.

In a nutshell, we will find that if the endowment process follows a stationary
autoregression, then the current acount is procyclical. In reality, it’s typically
counter-cyclical. But we can save the model by instead considering a non-
stationary endowment process whereby the growth rate of output [rather than
the level] follows a stationary autoregressive process.

2 Deriving and solving the SOE stationary endowment model
Consumers seek to maximise utility by choosing their consumption/saving/borrowing
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plans. They seek to:

max{Et
∞∑
t=0

βtu(ct)

In this model, unlike EK, there are no differences between consumers, so we
will refer interchangably to individual and aggregate variables, and there will be
no subscripts to index which agents we are talking about. The assumption is
that this utility function is strictly increasing in consumption, and also concave.
[It’s an exercise for you to explain what this means and why the assumptions
are made]. In a short while we will specify a particular functional form for
u(.) but it’s useful to know that we don’t have to, and in many applications,
particularly in finance, it’s nice to postpone being specific, or avoid it entirely,
to see how general our conclusions can be [ie to see whether we can make them
for any satisfactory utility function, or whether they only hold for particular
ones]. The more general the result, the more persuasive.
All households face a resource constraint:

dt = (1 + r)dt−1 + ct − yt
Here d > 0 refers to ‘debt’, d < 0 to ‘assets’.
r, as before in EK, denotes the world real interest rate.
We assume a version of the No Ponzi Schemes equation:

lim
j→∞

Et
dt+j

(1 + r)
j
≤ 0

And an optimum allocation for consumers will imply that this inequality holds
with strict equality. [An exercise to comment on why].
Intuitively, the condition says simply that as we move out towards the indef-

inite future, there has to be the expectation that positive debts, appropriately
discounted, are at least balanced out by repayments.
The savers’ consumption Euler equation, this time, is initially written in

more general form. It’s useful to see it derived before actually specifying which
utility function we use, to emphasise it’s meaning, and also its generality. This
is equation [2.4] in UR’s notes:

u′(ct) = (1 + r)βEt[u
′(ct+1)]

Where u′(.) denotes the first derivative of the utility function.
Notice the differences from EK, with the expectations operator taken over

the future marginal utility of consumption.
Here, in words, that expectations operator and its subscript means ‘The

forecast of .... given information at time...’.
Once again, just as in the case of the EK model, this Euler equation is

found by i) forming the Lagrangian for the consumer, ii) finding the first order
conditions with respect to the choice variables, this time dt and ct, which in
turn means differentiating wrt choice variables and setting the result to zero;
and iii) eliminating terms in Lagrange multipliers.
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The Lagrangian is given by:

L = E0

∞∑
t=0

β t[u(ct)− λt[dt − (1 + r)dt−1 + yt − ct]]

It’s an exercise for you to derive the Euler Equation above yourselves.
Now, our objective is going to be to get analytical solutions to the model so

we have expressions for consumption and the current account in terms of the
exogenous random endowment. In order to do this, we make two simplifying
assumptions. The first is to equate the subjective and financial rates of discount:

1

1 + r
= β ⇔ β(1 + r) = 1

The second is to assume that utility is quadratic in consumption, thus:

u(c) = −0.5(c− c)2

Here c represents a ‘bliss point’of perfect consumption. [Think of having
just the right amount to eat, or just the right temperature for a hot bath]. It
should be obvious why we make the assumption of quadratic utility in general.
[It’s an exercise to explain why]. Note we assume c < c. [Again, an exercise
to explain why].
This strategy echoes a famous paper by Robert Hall in 1978 working with

a closed economy. He observed that the quadratic utility assumption led to
the conclusion that consumption would be, and was expected by agents to be,
a random walk. His work sparked a large macro-time-series industry asking
whether consumption and or output was a random walk or not. The results
of which were inconclusive because it’s hard to tell a very persistent series, or a
series with many breaks in the mean, apart from a random-walk.
The random-walk nature of consumption is seen from the Euler equation,

which is given by:

ct = Etct+1

Our next task is to derive the ‘lifetime’ [in quotes because our consumers
are infinitely lived] intertemporal budget constraint, from the period by period
resource constraint. This is cumbersome and requires some algebra, but it is
the key to generating the relationships between consumption and output and
the current account that we can use to test the model. This expression will
involve a bunch of infinite forecasts, but the random walk result derived above
will enable us to boil those down into very simple expressions that will give us
the insights we want.
Proceeding....
Recall the period by period resource constraint:

dt = (1 + r)dt−1 + ct − yt
Write as:
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(1 + r)dt−1 = yt − ct + dt [1]

Now, noting that this constraint holds for every period, lead this equation
by one period and rearrange:

dt =
yt+1 − ct+1

(1 + r)
+

dt+1

(1 + r)
[2]

Now use [2] above to substitute in for dt in [1]:

(1 + r)dt−1 = yt − ct +
yt+1 − ct+1

(1 + r)
+

dt+1

(1 + r)
[3]

Now repeat the process. That is, lead [2] by one period, and use the resulting
equation to substitute out for dt+1 in [3]. If you do this, you will get the
following equation:

(1 + r)dt−1 = yt − ct +
yt+1 − ct+1

(1 + r)
+
yt+2 − ct+2

(1 + r)2
+

dt+2

(1 + r)2

And we repeat again, leading [2] by 2 periods, to substitute out for dt+2,
and, ad infinitum. You should see the pattern that emerges, that we end up
with an infinite stream of terms in the ap between output and consumption,
discounted by increasing powers of the gross world real interest rate.
Repeating this process s times yields:

(1 + r)dt−1 = Et

s∑
j=0

yt+j − ct+j
(1 + r)j

+
dt+s

(1 + r)s

From the above, we see how there is always one term left in dt+s where s
is the number of times we have done the ‘lead budget constraint, substitute
out’procedure described above. Now we use the No Ponzi Games condition
introduced mysteriously, earlier, to eliminate this term.
Recall that the NPG was:

lim
j→∞

Et
dt+j

(1 + r)
j
≤ 0

And that we insisted that at the optimum this held by strict equality. In
that case, we can write the following:

(1 + r)dt−1 = Et

∞∑
j=0

yt+j − ct+j
(1 + r)j

This equation has a simple interpretation: it says that initial foreign out-
standing debt has to be equal to the expected net present value of future savings
[which will be used to pay down the debt].
Recall that where we are headed is to try to derive an expression for con-

sumption in terms of the exogenous endowment today. To do this, we have to
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find a way to turn the RHS expressions involving an expected infinite stream of
consumption and income, into terms in current consumption and income.
Start with consumption.
Our strategy is to use the Euler Equation and the law of iterated expectations

to eliminate the infinite sequence of expected consumptions.
If we were to expand out the terms in expected consumption on the RHS,

we would see something like the following:

Et

[
−ct

(1 + r)0

]
+Et

[
−ct+1

(1 + r)1

]
+Et

[
−ct+2

(1 + r)2

]
+Et

[
−ct+3

(1 + r)3

]
+ ...Et

[
−ct+j

(1 + r)j

]
The first term in this sequence can obviously be extracted from the expected

sequence, since Etct = ct.
The second term can be turned into an expression involving just ct [ie not

an expectation at time t of some future consumption] since

ct = Etct+1 [1]

Turning to the third term, involving ct+2. Lead the Euler equation one
period, [of course this equation holds for all periods] we get that:

ct+1 = Et+1ct+2 [2]

Substituting [2] into [1] gives us the following:

ct = EtEt+1ct+2

Now, the law of iterated expectations implies that the RHS of the above is
given by:

Et[Et+1[ct+2]] = Etct+2 = ct

So we have dealt with the third term in our sequence of expected consump-
tions.
We deal with the fourth term involving Etct+3 analogously. Let’s do it to

reinforce what is going on.
Leading the Euler equation two periods, and taking expectations at t of both

sides, we get:

Etct+2 = EtEt+2ct+3[3]

We substitute Etct+2 = ct in for the LHS term in [3] above, then use the LOIE
to conclude that the RHS is simply Etct+3. Thus we conclude that:

ct = Etct+3

Using the same logic, we deduce, in fact, that this holds for all t+ j, ie that

ct = Etct+j
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Note that the LOIE is a very powerful tool originating from mathematical
statistics, that is used widely, not just in macro, but also in econometrics, and,
of course, in other branches of science too.
With all our substitutions, we turn the infinite period budget constraint into

the following:

(1 + r)dt−1 =

∞∑
j=0

[
Et

[
yt+j

(1 + r)j

]
− ct

(1 + r)j

]
And, with some further straightforward algebra [an exercise for you to exe-

cute], this means we can write the intertemporal budget constraint as:

rdt−1 + ct =
r

1 + r
Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]
This equation can be interpreted as saying ‘the annuity value of the con-

sumer’s future income stream [RHS] is split between consumption and debt
service payments [LHS]’.
Now, having got rid of the terms in expected future consumption values, we

next eliminate the terms in expected future output using an assumption that
the endowment process is an AR(1):

yt = ρyt−1 + εt, |ρ| < 1

[It’s an exercise to explain why the restriction is placed on the autogregres-
sive term ρ.]
From this AR(1) process, we can understand that:

Etyt+j = ρjyt

To see this, note that:

Etyt+1 = ρyt

Etyt+2 = ρEtyt+1 = ρ2yt

Etyt+3 = ρEtyt+2 = ρ2Etyt+1 = ρ3yt....

Which means that the term in the infinite sequence of output forecasts can
be re-expressed as a constant multiple of today’s endowment for the small open
economy, thus:

Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]
= yt

∞∑
j=0

ρj

(1 + r)
j

=
1 + r

1 + r − ρyt

This expression got by Invoking again the high-school formula for an infinite
geometric series.
We can now write consumption as a function of the endowment:
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rdt−1 + ct =

(
r

1 + r

)(
1 + r

1 + r − ρ

)
yt

=

(
r

1 + r − ρ

)
yt

⇒ ct =

(
r

1 + r − ρ

)
yt − rdt−1

We are done finding a relatino between consumption and the endowment.
The first thing we can see is that consumption responds less than 1 for 1 with
output in our set-up. [An excercise to confirm this]. This is consumption
smoothing in action. Because the endowment is only temporarily larger, con-
sumers increase utility by spreading the fruits of an unsually large endowment
today out across many periods, and the consequence of that is not consuming
it all today.
Now we turn to finding an expression linking the current account with the

endowment shock.
A few words on definitions first.
The ’trade balance’, which we denote tbt is the difference between exports

and imports.
Here that is the gap between consumption and output:

tbt = yt − ct [1]

So if consumption is greater than output, you have to import more than you
export to satisfy consumption, which means a negative trade balance. The real
world definition is a little forced here since there is no home production [thus
no produced ’exports’or ’imports’], just an endowment. But the model we are
using has in mind an off-model production sector which yields the endowment.
The current account is:

cat = −rdt−1 + tbt [2]

It is the balance of funds used to service debt to foreigners, and funds earned
on the gap between exports and imports.
Substituting in our equation for consumption into the definition of the trade

balance [1]:

tbt = yt −
(

r

1 + r − ρ

)
yt + rdt−1

= yt

[
1− r

1 + r − ρ

]
+ rdt−1

⇒ tbt =

(
1− ρ

1 + r − ρ

)
yt + rdt−1
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Substituting this equation into the definition of the current account [2] above:

cat =

(
1− ρ

1 + r − ρ

)
yt

Note from this that the SOE model predicts the current account to be pro-
cyclical. This is highly problematic, because one typically finds the opposite
to be the case, so this sense the model is rejected by the data. So far we have
considered only a stationary process for the endowment. We will go on to show
how a non-stationary process for the endowment overturns this result, bringing
the model more closely in line with the data. [It’s an exercise to confirm briefly
that the current account is procyclical as asserted here.]
Recall our expression for consumption.

ct =

(
r

1 + r − ρ

)
yt − rdt−1

Let’s consider polar cases for ρ = 0 and then ρ→ 1.
If ρ = 0 then a fraction r

1+r of the endowment shock is consumed, and
1− r

1+r = 1
1+r is saved.

As ρ → 1 then almost all of the endowment shock is consumed, since the
coeffi cient on yt tends to 1. This is intuitive. The more persistent is the
endowment shock into future periods’endowments, the more of it is consumed
each period. Consumption smoothing is satisfied, as there is no need to spread
so much of the single period endowment shock out to other periods: those other
periods will be plentiful too.
Note that as we tend towards a non-stationary endowment, cat = 0, dt =

dt−1. Ie debt is constant at its initial level.
We turn to study non-stationary endowments in the SOE model as a way

to resolve the counterfactual implication of the model thus far, that the current
account is pro-cyclical.

3 Non-stationary endowments as a way to generate counter-cyclicality
of the current account
We have already encountered the intuition for why non-stationary endow-

ments will solve our problem: if the shock to the endowment is permanent,
there is an incentive to borrow against future income, which means the current
account will ‘worsen’with a positive shock.
Define the difference in output:

∆yt = yt − yt−1

We now assume that:

∆yt = ρ∆yt−1 + εt, 0 < ρ < 1

Despite this new assumption, the model’s equilibrium is still intact, and,
specifically, we still have that:
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rdt−1 + ct =
r

1 + r
Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]
Recall that:

cat = yt − ct − rdt−1

⇒ cat = yt − rdt−1 + rdt−1 −
r

1 + r
Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]

cat = yt −
r

1 + r
Et

∞∑
j=0

t

[
yt+j

(1 + r)j

]
[1]

It turns out that we can write [1] above as [2] below:

cat = −Et
∞∑
j=1

t

[
∆yt+j

(1 + r)j

]
[2]

Note how the sum now goes from j = 1 rather than j = 0 previously, and
involves terms in the stream of forecast future changes in yt rather than the
stream in forecast future levels.
It’s a slightly tricky and cumbersome algebraic exercise for you to show that

[1] is indeed equal to [2].
In the same way that before, with a stationary process for endowment, we

reduced an expression in an infinite sequence of forecast outputs to one in current
output, so, analogously, we now reduce the term on the RHS of [2], which
involves an infinite sequence of forecast output changes, to one involving just
the current change, using our process for the endowment that is stationary in
changes.
In particular, we note that:

Et∆yt+j = ρj∆yt

And, therefore, evaluating the resulting infinte series in the model’s constant
parameters:

cat = −∆yt.
ρ

1 + r − ρ
[It’s an exercise for you to confirm these steps].
So, note the key point here that the current account is now counter-cyclical,

the opposite of what happens in the case of the stationary endowment process.
Provided, of course, that, as we so far assumed: 0 < ρ < 1. And the more
persistent is the process for the change in the endowment, the more the current
account moves in response to a shock to the process, since the numerator rises
with ρ and the denominator at the same time falls.
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4 Working out whether the variance of consumption exceeds the

variance of output or not, with another digression into time series
We observed at the outset that it is common to find that consumption in

small open economies is more variable than output. Let’s now investigate
whether this is true in our small open economy endowment model or not.
Recall the definition of the current account:

cat = yt − ct − rdt−1

Now write an expression for the change in the current account:

cat − cat−1 = ∆yt −∆ct − r(dt−1 − dt−2)

Note that this term in brackets in the lagged change in debt equals the
negative of the lagged current account, ie:

dt−1 − dt−2 = −cat−1

So, substituting this in:

cat − cat−1 = ∆yt −∆ct + r(cat−1)

∆ct = ∆yt − cat + (1 + r)cat−1

= ∆yt + ∆yt.
ρ

1 + r − ρ −∆yt−1.
ρ(1 + r)

1 + r − ρ

Collecting terms in ∆yt this leads to:

∆ct =
(1 + r)

1 + r − ρ∆yt −
ρ(1 + r)

1 + r − ρ∆yt−1

Now we substitute in our AR(1) process for the change in output:

∆yt = ρ∆yt−1 + εt

And we find that:

∆ct =
(1 + r)

1 + r − ρεt

Now since ∆yt is an AR(1) process, it follows that:

σ2
∆yt(1− ρ

2) = σ2
ε

⇔ σ2
∆yt =

σ2
ε

1− ρ2

Where does this result come from? This requires a few moments thinking
through some time series econometrics. For a slightly more general treatment,
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see Hamilton’s textbook ’Time Series Ecometrics’, or my MSc TSE lecture notes
on my homepage, but, in our case, we want to compute [letting xt = ∆yt] for
simplicity of notation:

E[xt − E[xt]
2

Denote E(xt) = x. Substituting in our expression for the AR(1):

E[ρxt−1 + εt − x]2

Substituting out for xt−1 using the AR(1) expression [lagged once] we get:

E[ρ(ρxt−2 + εt−1) + εt − x]2

= E[ρ2xt−2 + ρεt−1 + εt − x]2

Substitute out again for xt−2 this time, and we get....

σ2
x = E[ρ3xt−3 + ρ2εt−2 + ρεt−1 + εt − x]2

And if we repeat this process indefinitely, we get:

σ2
x = E[ρnεt−n + ...ρ2εt−2 + ρεt−1 + εt − x]2

Now, we use the fact that the shocks are not correlated across time periods
to asser that:

E[εtεs] = 0, s 6= t

And since the variance of the shock is unchanging from one period to the
next we note that:

E[εtεt] = E[εt−nεt−n] = σ2
ε ,∀j

Finally, note that we can say that E(xt) = x = 0. We will justify this in a
moment.
Using these facts we can say that:

σ2
x = σ2

ε + ρ2σ2
ε + ρ4σ2

ε + ρ6σ2
ε + ....

And therefore, using the formula for an infinite geometric series:

σ2
x = σ2

ε/(1− ρ2)

We need to justify why we can say that: E(xt) = x = 0, so let’s turn to
this now.
Substitute in the AR(1) definition into this expectation:

E[xt] = E[ρxt−1 + εt]
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Use the AR(1) again to substitute out for the term in xt−1, and then again
and again for the increasing lags of xt.... in the same way that we did when we
evaluated the variance of the AR(1).

E[xt] = E[ρxt−1 + εt]

= E[ρnεt−n + ...+ ρ2εt−2 + ρεt−1 + εt]

By assumption, at each period the shock has zero expectation, ie:

E[εt−j ] = 0,∀j

Hence E[xt] = 0.
So, we are done with our digression explaining how we know the variance of

an AR(1) process. Now, we return to the business of establishing the conditions
that govern the relative size of the variance of the growth of consumption versus
the growth of the output endowment.
Recall that we know that:

∆ct =
(1 + r)

1 + r − ρεt

We can therefore say, using simple results from the algebra of variances,
that:

σ2
∆ct =

(
(1 + r)

1 + r − ρ

)2

σ2
ε

[Since if z is a random variable and a is a constant, then var(az)=a2var(z).]
So for the variance of the change in consumption to be greater than the

variance in the change in the endowment in our small open economy model
requires that: (

(1 + r)

1 + r − ρ

)2

>
1

1− ρ2

Note that if ρ = 0 ie we have that the endowment level is a pure random
walk, then these variances are equal.
The condition reveals that sometimes the variance of consumption is larger,

sometimes not. It will be an exercise to verify when.

5 Conclusion and recap
That concludes our lecture on the theory of the small open economy mi-

crofounded model. The small open economy assumption bought us some ad-
vantages, because it meant that we could take world variables, which our small
open economy is too small to affect, as exogenous. We also simplified by using
quadratic utility, equating subjective and cash discount rates, and having an
exogenous endowment process. These things allowed us to solve the model
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with pencil and paper. Solving the model for us meant finding an analytical
formula relating the agents’consumption choices to the exogenous endowment.
With that done we could look at the relationship between the current account
and output, and between consumption and output, yielding predictions which
can be checked with the data. We compared the current account/output re-
lationship for stationary and nonstationary endowment processes, and we saw
how the former meant that the current account was positively correlated with
output, and the latter meant the correlation was negative. This brings the
model closer to the data.
We will continue our studies of the SOE model by examining two time series

tests of the model which will lead us to delve into VAR econometrics again.
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